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ON THE FAIR SHARE OF THE RELIABILITY OF AN ENTITY
BETWEEN ITS COMPONENTS

The problem of the reliability of an entity sharing between their components in order to maximize
its lifetime is considered. Some algorithms generating solutions to the problem is presented

along with numerical examples for the problem.
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1. Introduction

Most of real engineering entities {products, go-
ods) consists of various components and usually has
a complex hierarchical structure. Thejr components
have different reliabilily, cost and other characteristics.
The entity’s reliability is usually determined by the
reliability of the weakest component among them.
Thus, 1t then becomes necessity (o investigate how to
construct the system in order to uniformly maximize
its reliability. As mathematical tools for investigation
ofthese kinds of systems the mulii-state system relia-
bility models could be used.

The problem of multi-state system reliability
investigation was considered by ditferent authors,
and one can find the bibliography in Lisnianski and
Levitin {2003). Some special approach to this problem
for complex hierarchical systems also was developed
in several papers (Dimitrov et al. 2004, Dimitrov et
al. 2002, Dimitrov and Rykov 2002). Some problems
of reliability control were considered in Rykov and
Efrosinin (2004). In (Ernolaey and Rykov 2000) the
problem of optimal reservation with different types of
equipment was considered. In this paper we consider
the problem of a system reliability sharing between
its components with respect 1o the system lifetime
maximization.

2. Problems settings

Consider an entity consisting of » componcnts
having lifetimes 7, with cumulative probability
distribution functions {c.d.£) F(n (i=12,.,m).
Denote by R(f} = 1-F{7) the reliability functions of
the /~th component. Suppose that in accordance with
consumer requirements the entity should be given
reliability function of level at leasi » = 1-¢. It means
that the probability for the entity to fail should be
only a, or lcss.

The usual opinion that the equally reliable com-
ponents provide the best reliability for the system is
not really true. To explain this fact let us consider the
following examples.

2.1. Consequence system

For a system with cousequently connceted com-
ponents, cach of which has an exponential lifctime di-
stribulion with paramcters A, (7 = 1, 1), the reliability
function of the system equals (Gerlsbakh 2000)

R(t) =exp {_i E A, ‘f} =e™ with A= E 2
l=izm ; [BEEn

The reliability level » = 1-a will be provided up
totime ¢_, = - "% ~ &« The reliability level of i-th

component of the system for this ume will be equal
Rt  )=e" = exp{/—:ln(l - og)} =(l-g)" =1- e,
b

Note that the equally reliable sharing of the pro-
bability between subsystems when reliability level for
each component equals (1-a)" provides the guaran-
leed lifetime for i-th component only

i
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Thus, the (1-a} guaranteed lifetime level for a sys-
tem will be equal
CInfl-a) 1 o
-ex =

b= mmz = = -~
) lfan Mo omax/d,  mmax .z,

If we consider some simple case of the system
with only two components with parameters 4, = 0.1
and 4,2 0.01 then the equally reliable sharing of the
system reliability provides 1-¢ guaranteed lifetime
equals ¢, = min[5¢,50a] = 3a, while an optimal sha-
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ring provide the time ¢ =~ 9.09, that gives almost
twice longer time.

2.2, Parallel system

For a system with parallef connected components,
each of which has an exponential lifetime distribution
with parameters A, (i = L,#), the reliability function
of the system equals {Gertshbakh 2000)

R(f)=1- 1-e™),
() ln { )

Thus, for any given reliability level of the system
r=1-a n order to reach the guaranieed lifetime 7.
of the system one should provide the reliability level
of -th component equal &, (7, ) = ¢™*"<’. For enough
reliable systems with reliability level of components
close 1o one, this gives r, =1-q, =™ =" =1- Lz _,
ora =t . This shows that the level of i-th compo-
nent to fail should be proportional to the failure inten-
sity. One could find the proportionally coeflicient ¢
from the equality o = HE’IS"; o, = c”’lew A,.From
this equality it follows that

ik

/ 4
€ = | | .
|| A
leiem T
and thus

1—_[1sa'sm ’1"

This shows the difference between reliability
levels of the components.

These examples show that the reliability level for
different components of the system should be diffe-
rent in order to provide maximal guaranteed lifetime
of the system. Thus the problem arise how to share
of given level of the reliability of a system between
its components.

In mathematical terms the problem could be formu-
lated as follows. Suppose that the entity consists of
components with reliability functions R, (1) {i =1,/m)
, and has a structure function Ax}=Afx x,...x }. This
means that the reliability function of the cntity is
{sce, Gerisbakh 2000).

R(6) = E[f (%, x5, %, )] = (& (), R, (D).&R, (1)) (1}

Thus, one should choose a point r = (7.7 &, 7, )
in the hyper-space

f(f'p?'zv--,?’m)zrzl—a will
d(r,n&,r )i 0=k <l (i=L,m} (2

in such a way t0 maximize

ty = R7(1-) = max

(3)

3. Probhlems solution

A theoretical solution of the problem is very
simple. If one know the reliability function of the
system (1} he/she can solve {at least in principle) an
eguation

R =r=l-a (4)

to find 7= R'(1-a). Due 1o usual strong monotonicity
of the function R{#) the solution exists and unique.
Thus, the reliability level of each component equals
r=l-a=R{r )

Nevertheless, because the reliabilily function
R(?) in real world problems is enough complicated
and moreover it 18 composition of several functions:
structure function of a systern and reliability functions
of its components — the exact solution of this cquation
is really impossible.

Because any monotone system can be represented
as a system of consequence-parallel siruclure we will
consider here these types of structures. We propose
curistical algorithms for the problem solution for two
cases: consequence and parallel systeins.

To reliability share for consequence system it 15
possible to use the following algorithm

3.1, Algorithm 1. Series system

Enput initial data:
Integer: m —number of subsystems;
Real: ¢ — accuracy coefficient, » — ¢consumer’s relia-
bility level;
Functions: R (7) — reliability functions.
Begin. Find an initial poimt v = (5%, &
hyper-space

flr)= H r=r, {undr)0sr sl (i=Lm)} {5)

laism

#Y at the

i

For series syslem as an mitial point it is possible to
take r =" (o to the step 1 with £=0.

Step 1. For inverse functions R'V(") calculate
t®= R (1™} and arrange them in order to increasing

(B < s,

where i, denotes the number of component having j-th
in order lifetime.

Step 2. Check if £ — ! = & gotothe step 4, in other
case go to the ste;m) 3.

Siep 3. Change the point r at the hyper-space {5} in or-
der lo decrease 7, and increase s, . Forexample, with
some improvement coefficient y <t put 5"
and 7' =y7'r . Change & 1o k+1. Go Lo the step 1
with new value of #*!.

i
=
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Step 4.Print results,
End

For the systems with parallel connection one sho-
uld work with fail probabilities instead of subsyslems
reliability. Thus the algorithm looks like this one.

3.2, Algorithm 2. Parallel system

Input initial data;

Inieger: m — number of subsystems;

Real: ¢ — accuracy coefficient, & — probabilily level
Tor the enlily lo fail;

Functions: F (/) - lifetimes c.d.f.

Begin. Find an initial point (o2, ©@,..., ¢ ™) witha®™= 1-
#[% at the hyper-space

1- f(r)= 1‘[ a, =,
Ha,&.0,)0=a, <1 (i=1m} (6)

For parallel system as an initial point it is possible
to take o= &' Go lo the step 1 with k=
Step 1. For inverse functions F!( ) calculate
0= F o ¥} and arrange them in order to incre-
asing

i
1

19 €10 g g g g

where / denotes the number of component having j-1h
in order lifetime,

Step 2. Checkif £ 7" <& gotothe step4, in other
case go to the stefj 3.

Step 3. Change the point {(a¥,..., @ ) al the hyper-
space o "Hls;m @, in order to increase «; and
decrease o, . For example, with some improvemem
coefficient ¥ > 1 put a!*' = yar* and alt =y ol
Change k to k +1. Put 1-af= r* . Go to the slep l
with new values of @,

Step 4. Print results.

End

The results of the algorithms could be formula-
ted as follows: to increase the lifetime of a system
with sequential connection of subsysiem one should
strengthen the weakest component, while for the sys-
tem with pavallel connection one should strengthen
the strongest one.

In real world problems the exact reliability func-
tions are usually not known, A problem arise on how
to use observed data instead of exact information about
reliability functions. We propose a slatistical approach
for solving the above problem.

4., Statistical approach

In practice producers really do not have complete
information aboul the true reliability functions of the
comportents in use. In reality, only some statistical
observations about the component’s lifelimes are

available. Thus, we also propose an approach to the
solution of the problem when sume statistical or mixed
dala are available.

Let ¢,,t.,.&,1,, (i =1,m) bethe observalions on
the wmponent s lifetimes ordered in increasing their
values separately for each of the componenits. It is well
known that the best estimation for the e-percentile
of a distribution is the cmpirical (sample) percentile,
given by the formula ¢, =+ . Thus, inthe above
proposed procedure one could use empirical percenti-
les instead of the theoretical ones when the true lifeti-
me distributions are not available. For this case only
the preblem arise with the stopping procedure.

Also both cases with consequence and paraliel
conneclien should be considered separately. We pro-
pose an Algorithm only for consequence connection
of a system.

4.1, Algorithm 3. Statistical

Input inttial data:

Integer: m — number of subsystems,
Real: ¥ — consumer’s reliability level;
Observations: 7,.,1,,,&,7,
components observatlons
Begin. Arrange the observed data in order of incre-
asing values for any component

(i=1m) — lifetime of

fo,

List,s&=t, s&st  (i= l,?)
Pita®= f_.-,;: IM=0 (i=1m), t®=1. Go to step |
with £ =

Step 1. Fmd M=min, . 6 P=argmin o ¥,

Step 2. Check if IP< n, and = rpgoto step 3 other-
wise go to siep 4.

Step 3.Change k to k+1. Put J¥D=[#+] for j = i,
e for i = #. Calculate

el

()
r”{-f]} = H Hiess !,' s ?.(.('] 1- 1 o
1=ism n;‘ n, = l '

Go 1o the step 1.
Step 4. Print results.
End

5, Conclusion

The proposed approach considers an optimization
aspect in reliability systems. Tt could be realized as
a special Computer orienled Project and realized in
different branches of industry.
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