
MATH 203 Partial Derivatives – Definition Dr. TeBeest

The partial derivative of f with respect to x is defined by

∂f

∂x
≡ lim

h→0

f(x + h, y)− f(x, y)
h

,

provided the limit exists.

The partial derivative of f with respect to y is defined by

∂f

∂y
≡ lim

h→0

f(x, y + h)− f(x, y)
h

,

provided the limit exists.

EXAMPLE

Consider function f(x, y) = 2x3 + 3xy − y2.

1. Use the definition to determine the partial derivative of f with respect to x.

First,

f(x + h, y) = 2(x + h)3 + 3(x + h)y − y2

= 2(x3 + 3x2h + 3xh2 + h3) + 3(x + h)y − y2

= 2x3 + 6x2h + 6xh2 + 2h3 + 3xy + 3hy − y2 ,

and

f(x + h, y)− f(x, y) = 2x3 + 6x2h + 6xh2 + 2h3 + 3xy + 3hy − y2 − (2x3 + 3xy − y2)

= 2x3 + 6x2h + 6xh2 + 2h3 + 3xy + 3hy − y2 − 2x3 − 3xy + y2

= 6x2h + 6xh2 + 2h3 + 3hy

= h(6x2 + 6xh + 2h2 + 3y) .

So

∂f

∂x
≡ lim

h→0

f(x + h, y)− f(x, y)
h

= lim
h→0

h(6x2 + 6xh + 2h2 + 3y)
h

= lim
h→0

(6x2 + 6xh + 2h2 + 3y)

= 6x2 + 3y .
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2. Use the definition to determine the partial derivative of f with respect to y.

Recall that f(x, y) = 2x3 + 3xy − y2.

First,

f(x, y + h) = 2x3 + 3x(y + h)− (y + h)2

= 2x3 + 3x(y + h)− (y2 + 2hy + h2)

= 2x3 + 3xy + 3xh− y2 − 2hy − h2 ,

and

f(x, y + h)− f(x, y) = 2x3 + 3xy + 3xh− y2 − 2hy − h2 − (2x3 + 3xy − y2)

= 2x3 + 3xy + 3xh− y2 − 2hy − h2 − 2x3 − 3xy + y2

= 3xh− 2hy − h2

= h(3x− 2y − h) .

So

∂f

∂y
≡ lim

h→0

f(x, y + h)− f(x, y)
h

= lim
h→0

h(3x− 2y − h)
h

= lim
h→0

(3x− 2y − h)

= 3x− 2y .
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