PARAMETRIX OF THE MIXED PROBLEM FOR THE HYPERBOLIC SYSTEMS OF FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

R. G. Airapetyan, G. R. Alexandryan

Journal of Contemporary Mathematical Analysis, Vol. 27, No 6, 1992.

In the paper a parametrix for mixed problem for a hyperbolic system in a situation where the bicharacteristics are transversal to the boundary is constructed in the form of a global Fourier Integral Operator (FIO). So the construction of the parametrix of a mixed problem for second order hyperbolic equations, suggested by J.Chazarain, is extended to hyperbolic systems. The manifold of broken bicharacteristics, supplied with a structure of a homogeneous immersed Lagrangian submanifold, playes the role of the canonical relation for FIO. The symbol of FIO is constructed as an asymptotic sum of smooth sections of certain vector bundls on C.

§1. INTRODUCTION

In the present paper construction of the parametrix of the mixed problem for

second order hyperbolic equation offered by J.Chazarain in [1-2] is extended to

hyperbolic systems of first order partial differential equations. Following [1] and

[2], we suppose that the bicharacteristics of the system are not tangent to the

boundary. The parametrix is constructed in the form of Fourier Integral Oper-

ator (Maslov canonical operator). In §2 the canonical relation of the operator is

described as the manifold of broken bicharacteristics. In §3 and §5 the symbol of the operator is found. The construction of the symbol is based on a smooth extension of canonical relation (§4). The main result of the paper is formulated in §6 and is proved in §7. A microlocal parametrix of the mixed problem in situations where the bicharacteristics may touch the boundary is constructed in [3-10].

Let X be a bounded domain in R^n with regular boundary ∂X. Denote Q = R_+ × X, Q_0 = {0} × X, ∂Q = R_+ × ∂X. We consider the following distribution classes: E^′_{r,δ}(∂Q) = {g = (g_1, ..., g_r) | g_j ∈ E^′(∂Q), singsupp g_j ⊂ [δ, +∞)×∂X, j = 1, ..., r};

D^′_{m,δ}(Q_0) = {u = (u_1, ..., u_m) | u_j ∈ D ′(Q_0), singsupp u_j ⊂ Q_0, dist(singsupp u_j, ∂Q) ≥ δ, j = 1, .., m}; D̂^′_m(Q) = {u = (u_1, ..., u_m) | u_j ∈ D^′(Q) and there exists an extension u_j ∈ D^′(R^n)

such that W F (u_j) ∩ [N_{Q0} (R^{n+1}) ∪ N_{∂Q}(R^{n+1})] = 0, j = 1, ..., m}. Notice, that all distributions from the class D̂^′_m(Q) have restrictions on Q_0 and ∂Q. Let A_j(x), j = 0, 1, ..., n be smooth matrix-valued functions (of dimension m × m) defined in some neighbourhood of Q, B(x) be a smooth matrix-valued function (of dimension r × m), defined on ∂Q. In the paper we consider the following mixed problem

Au = ∂u ∂x_0 − n∑ j=1 A_j (x) ∂u ∂x_j − A_0(x)u = 0 in Q, (1.1)

u|_{Q0} = u_0, Bu|_{∂Q} = g, (1.2) where x = (x_0, x^′), x_0 ∈ R_+, x^′ = (x_1, ..., x_n) ∈ X, u_0 ∈ D^′_{m,δ} (Q_0), g ∈ E^′_{r,δ}(∂Q), and the solution u is searched in the class D̂^′_m(Q).

Definition 1.1. An operator E_δ is called parametrix of the problem (1.1) – (1.2) if E_δ : E^′_{r,δ} (∂Q) × D^′_{m,δ}(Q_0) −→ D̂^′_m(Q) (1.3) and E_δ(g, u_0) − u ∈ C^∞(Q), where u is the exact solution of the problem.

Our purpose is to construct the parametrix of the problem (1.1) – (1.2) in the form of global Fourier integral operator.

For z = (x, ξ) ∈ T^∗Q, denote by σ_A(z) the principal symbol of the operator A, that is the matrix ξ_0I −^n ∑ j=1 A_j (x)ξ_j, where I is the identity matrix and ξ = (ξ_0, ξ^′), ξ_0 ∈ R, ξ^′ = (ξ_1, ..., ξ_n) ∈ R^n. Denote also p(z) = detσ_A(z). We assume that the system (1.1) is strictly hyperbolic, that is the following condition holds.

Condition 1. For each x ∈ Q, ξ^′ ∈ R^n \ {0} the equation p(x, ξ) = 0 has m distinct real roots with respect to ξ_0.

We assume also that the boundary is non-characteristic, that is Condition 2. For each z from the conormal bundle N (∂Q),

p(z) ≠ 0.

Let π_Q : T^∗Q −→ Q be the natural projection. We use the following notation

CharA = {z ∈ T^∗Q | p(z) = 0}

Char_bA = {z ∈ CharA | π_Qz ∈ ∂Q, ∂p ∂ξ_0 (z) > 0}.

Let Φ_s : CharA −→ CharA be the bicharacteristic flow i.e Φ_s is the flow of the Hamilton field H_p. Denote Char^+_b A = {z ∈ Char_bA | there exists ε > 0 such that for any s ∈ (0, ε), π_QΦ_sz ∈ Q}

Char^−_b A = {z ∈ Char_bA | there exists ε > 0 such that for any s ∈ (0, ε), π_QΦ_sz /∈ Q}. Denote also by π_b the canonical projection π_b : T^∗Q | |_{∂Q} −→ T^∗(∂Q). Condition 3. The mapping

π_b : Char^+_b A −→ W F (g) is r– multiple covering.

Condition 3 means that from each point of the wave front set of g exactly r bicharacteristics enter the domain^∘T^∗Q.

Condition 4. Each bicharacteristic issueing from^∘T^∗Q intersects the boundary of the domain Q transversally.

We also assume that the Lopatinski condition holds. To formulate it in a convenient form, let us consider the trivial vector bundle E^m on^∘T^∗Q, where the fiber is R^m. Because for each z ∈^∘T^∗Q the matrix σ_A(z) has m distinct real eigenvalues, the fiber on z is decomposed into direct sum of m invariant subspaces of the matrix σ_A(z). Consider the restriction of that vector bundle on CharA, that is the trivial vector bundle CharA × R^m −→ CharA. This vector bundle has the linear subbundle K −→ CharA in which the fiber over the point z ∈ CharA is Ker σ_A(z). Similarly consider the trivial vector bundle E^m(^∘T^∗∂Q) = R^m ×^∘T^∗∂Q −→^∘T^∗∂Q and the smooth trivial fibering G_{m,r}(^∘T^∗∂Q) where the fiber on the point m ∈^∘T^∗∂Q is Grassman manifold of r–dimensional subspaces of R^m. The Condition 3 implies that for every z ∈ W F (g) we have that π^{−1}_b (z) = (z_1, ..., z_r), where z_j ∈ Char^+_b A, j = 1, ..., r. Let V (z) be a section of the fibering G_{m,r} (^∘T^∗∂Q) defined in the following way:

V (z) = K(z_1) + K(z_2) + ... + K(z_r ),

where {z_1, ..., z_r} = π^{−1}_b (z).

Condition 5. For each z ∈^∘T^∗∂Q, B ∈ Is(V, E^r (^∘T^∗∂Q)).

§2. CANONICAL RELATION Let Ref A = {(z_+, z_−)|z_± ∈ Char^±_b A, π_Qz_+ = π_Qz_−, z_+ − z_− = 0 on T_{πQ z+} ∂Q}.

Denote Char_0 A = {z ∈ CharA|π_Qz ∈ Q_0}.

Definition 2.1. (see [1]). A mapping

γ : [s_0, s_1] \ J_γ −→^∘T^∗Q,

where J_γ = {^s_0, ..., ^s_{k(γ)}} is a finite subset of [s_0, s_1], is called broken bicharacteristic of the operator A if the following conditions hold:

(i) if I is an interval in [s_0, s_1] \ J_γ , then the curve I ∋ s −→ γ(s) is a bicharacteristic of the operator A on Q;

(ii) s_0 = ^s_0 < ^s_1 < ... < ^s_{k(γ)} < s_1, γ(s_0) ∈ Char_0A ∪ Char^+_b A; (iii) there exist the limits γ(^s_0 + 0), γ(^s_j ± 0) and

(γ(^s_j + 0), γ(^s_j − 0)) ∈ RefA, (2.1) where j = 1, ..., k(γ). Denote by C the set of all broken bicharacteristics and C_i the subset of those which have exactly i reflections from the boundary, that is C_i = {γ ∈ C|k(γ) = i}. Let π_0 :^∘T^∗Q | | |_{Q0} −→^∘T^∗Q0 be the canonical projection. Denote by π the mapping π : (Char_0A ∪ Char^+_b A) −→^∘T^∗Q_0 ∪^∘T^∗(∂Q) such that π|Char_{0A} = π_0, π|Char+_{b A} = π_b. Consider also the mappings κ_0 : C_i −→ Char_0A∪ Char^+_b A, κ_j : C_i −→ Char^+_b A, j = 1, ..., i, χ : C_i −→^∘T^∗Q defined in the following way: κ_j(γ) = γ(^s_j + 0), j = 0, 1, ..., i, χ(γ) = γ(s_1). (2.2) The subsets of C_i we call open sets if there are preimages of open sets with respect to these mappings. We introduce on C_i, i = 0, 1, ..., the topology generated by these open subsets. These generate a topology on C.

Let us show that for each γ ∈ C there exists a neighbourhood U_γ ⊂ C such that the mapping χ|_{Uγ} is a bijection on the image. Indeed, let U_j be a neighbourhood of γ(^s_j + 0) such that the equality πz_1 = πz_2 implies z_1 = z_2 for each z_1, z_2 ∈ U_j. The existence of such neighbourhood is provided by the Condition 4. Now we can take U_γ = k(γ)⋂

j=0 κ^{−1}_j (U_j ).

Let us cover C by such neighbourhoods and take the compositions of χ and coordinate mappings of the manifold CharA to be the coordinate mappings. So we obtain a C^∞–structure, which converts C into the (2n + 1) – dimensional manifold.

Denote by ı the following mapping

ı : C −→ CharA × (^∘T^∗Q_0 ∪^∘T^∗∂Q), (2.3)

where ı(γ) = (χ(γ), π ∘ κ_0(γ)). (2.4) The manifold C has a stratification

C = C^1 ∪ C^2 ∪ C^3,

where C^1 = κ^{−1}_0 (Char^+_b A), C^2 = κ^{−1}_0 (Char_0A), C^3 = (π_Q ∘ κ_0)^{−1}(∂Q ∩ Q_0).

It is easy to see that C^1 and C^2 are (2n + 1)–dimensional and C^3 is 2n– dimensional manifolds.

Let us consider sympletic manifolds^∘T^∗Q ×^∘T^∗(∂Q) and^∘T^∗Q ×^∘T^∗(Q_0) with canonical 2-forms ω_b = σ_T ∗_Q −σ_T ∗_{(∂Q)} and ω_0 = σ_T ∗_Q −σ_T ∗_{Q0} correspondingly.

Theorem 2.1 (C_1, ı) and (C_2, ı) are homogeneous immersed Lagrangian submanifolds in^∘T^∗Q ×^∘T^∗(∂Q) and^∘T^∗Q ×^∘T^∗(Q_0) correspondingly.

Proof. Let us prove the theorem for the manifold (C_1, ı) (the proof for the (C_2, ı) is similar). According to the definition of ω_b we have

ı^∗ω_b = χ^∗σ_T ∗_Q − (π ∘ κ_0)^∗σ_T ∗_{∂Q}. (2.5)

It is easy to see that each point γ_0 ∈ C_1 has a neighbourhood U_{γ0} such that the mapping ı_0 = π ∘ κ_0 : U_{γ0} −→ π ∘ κ_0(U_{γ0} ) is a diffeomorphism. Hence

ı^∗ω_b = ı^∗_0(ı^{−1}_0 χ^∗σ_T ∗_Q − σ_T ∗_{∂X} ). (2.6)

Denote ~Φ| ı_0(U_{γ0} ) −→ χ(U_{γ0} )

the mapping such that ~Φ = χ ∘ ı^{−1}_0 . We show that ~Φ is a simplexomorphism that is ~Φ^∗σ_{T ∗Q} − σ_{T ∗∂Q} = 0. (2.7) ~Φz_0 = z implies the existence of such γ ∈ U_{γ0} that κ_0(γ) = z_0, χ(γ) = z. The neighbourhood U_{γ0} may be chosen in such a way that for each γ ∈ U_{γ0} , k(γ) = k(γ_0). In case k(γ_0) = 0 we have ~Φ = Φ_{s1−s0} and the equality (2.7) follows from the fact that Φ_s is a simplexomorphism. Let us show that this property is valid also in the presence of reflections (k(γ_0) > 0). Let

S^±_j = {z ∈ Char^±_b A| there exists γ ∈ U_{γ0} such that z = γ(^s_j ± 0)}. (2.8)

Let also r_j : S^−_j −→ S^+_j , where r_j(z_−) = z_+, if there exists γ ∈ U_{γ0} such that z_± = γ(^s_j ± 0). Let k(γ_0) = k > 0, then ~Φ = Φ_{s1−} ^sk ∘ r^k ∘ Φ^sk−^sk−1 ∘ r^{k−1} ∘ ... ∘ r^1 ∘ Φ^s1−s0 . (2.9) To prove that ~Φ is a simplexomorphism it is enough to show that r_j, j = 1, 2, ..., k have the same property. In small enough neighbourhood V_j of the point π_Qγ(^s_j + 0) let us choose such a coordinate system that the boundary of the domain Q is written as x_n = 0. Let ξ = (ξ_0, ..., ξ_n) be the dual coordinates, then

r_j (x_0, x_1, ..., x_{n−1}, 0, ξ_0, ξ_1, ..., ξ_{n−1}, ξ_n) = (x_0, x_1, ..., x_{n−1}, 0, ξ_0, ξ_1, ..., ξ_{n−1}, ~ξ_n) (2.10) and σ = n∑ j=0 dξ_j ∧ dx_j. We mention that on T S^±_j the form dx_n is zero, so

r^∗_j σ − σ = 0. (2.11)

From (2.5) and (2.6) one concludes that (C_1, ı) is Lagrangian. Now we shall prove that it is homogeneous.

Define on C the action of the group R_+ generated by the action of that group on T^∗Q. For each pair γ ∈ C and ρ ∈ R_+ we put into the correspondence the bicharacteristic ργ in the following way [ ρ^{1−m}^s_0, ρ^{1−m}^s_1 ] \ {ρ^{1−m}^s_0, ..., ρ^{1−m}s_{k(γ)}} ∋ s −→ ργ = ρ_0γ(s) ∈^∘T^∗Q. (2.12) To verify that ργ is a broken bicharacteristic it is sufficient to notice that the Hamilton-Jacobs system and the condition (2.1) are invariant with respect to the change of variables:

s −→ ρ^{1−m}s, x −→ x, ξ −→ ρξ.

According to the definition of the action of R_+ on C

ı ∘ ρ = ρ ∘ ı. (2.13)

Let ζ be the vector field on C_1 generated by the action of R_+. The equality (2.13) implies that the vector fields dχ(ζ) and d(π ∘ κ_0)ζ are generated by the action of R_+ on T^∗Q and T^∗∂Q. Therefore

ı^∗α = χ^∗α_T ∗_Q−(π∘κ_0)^∗α_T ∗_{∂Q} = χ^∗(dχζ⌋σ_T ∗_Q)−(π∘κ_0)^∗(d(π∘κ_0)ζ⌋σ_T ∗_{∂Q}) = 0

which means that C_1 is homogeneous Lagrangian manifold.

§3. PRINCIPAL SYMBOL OF THE FIO F_0 Let Ω^{1/2}(CharA) be the linear bundle of semidensities on CharA. Denote by K_Ω the linear bundle which is the tenzor product of the bundles K and Ω^{1/2}. Let P (z) be the projector

P (z) : R^m −→ Kerσ_A(z),

generated by the decomposition of R^m into a direct product of invariant subspaces of the matrix σ_A(z). Correspondingly

P_Ω : R^m ⨂ Ω^{1/2}(CharA) −→ K_Ω

will be the homomorphism of vector bundles generated by the projector P (z).

For any point z_0 ∈ CharA there exist a neighborhood U_{z0} ⊂ T^∗Q and smooth function λ(z) defined on U_{z0} such that for every z ∈ U_{z0} , λ(z) is the eigenvalue of σ_A(z) vanishing at z_0. So we define a smooth function λ(z) vanishing on the

CharA. Let v be a smooth section of the linear bundle K_Ω. We define a Poisson bracket {σ_A − λI, v} = n∑ j=0 [(σ_A − λI)_{ξj} v_{xj} − (σ_A − λI)_{xj} v_{ξj} ]. (3.1) To verify the correctness of this definition let us show that the section v on the right hand side of (3.1) is differentiated by directions tangent to CharA. Let v(z) be an eigenvector of σ_A(z) corresponding to eigenvalue λ(z), smoothly depending on z in a neighborhood of the point z_0 ∈ CharA. After differentiation of the equality (σ_A − λI)v = 0 with respect to ξ_0 and applying (σ_A)_{ξ0} = I we obtain v + σ_Av_{ξ0} − λv_{ξ0} − λ_{ξ0} v = 0.

Now let us apply the projector P (z) to both sides of the last equality. Since P (z)σ_A(z) = 0 we have that λ_{ξ0} = 1 on CharA. Let us differentiate now the equality (σ_A − λI)v = 0 with respect to ξ_0 and x_0. We obtain the following relation

(σ_A − λI) v_{ξ0 x0} + (σ_A − λI)_{ξ0} v_{x0} + (σ_A − λI)_{x0} v_{ξ0} − λ_{x0ξ0} = 0.

Applying P (z) to this equality we show that

(σ_A − λI)_{x0} v_{ξ0} = λ_{x0ξ0} v (3.2)

on CharA. For i = 1, .., n in same way we obtain

(σ_A − λI)_{xi} v_{ξ0} = λ_{xi ξ0} v, (3.3)

(σ_A − λI)_{ξi} v_{ξ0} = λ_{ξi ξ0} v. (3.4)

Since the vector field H_λ is tangent to CharA, we have

{λ, σ_A}v_{ξ0} = {λ, λ_{ξ0} }v = (H_λ λ_{ξ0} )v = 0. (3.5)

Therefore, on CharA {σ_A, v} = {σ_A, v} + {λ, σ_A}v_{ξ0} = n∑ j=0 (σ_A)_{ξj} (λ_{ξ0} v_{xj} − λ_{xj} v_{ξ0} )−

− n∑ j=1 (σ_A)_{xj} ( λ_{ξ0} v_{ξj} − λ_{ξj} v_{ξ0} ) . (3.6) The 1–form dλ vanishes in the vector fields λ_{ξ0}^∂_{∂xj} −λ_{xj}^∂_{∂ξ0} and λ_{ξ0}^∂_{∂ξj} −λ_{ξj}^∂_{∂ξ0} , j = 1, ..., n, so they are tangent to CharA. To complete the proof we can notice that {λI, v} = H_λv and recall that H_λ is tangent to CharA.

Now let us consider a non-vanishing smooth section v(z) of K_Ω in a neighborhood U_{z0} of a point z_0 ∈ CharA. We define a function μ(z) on U_{z0} by μ(z)v(z) = P (z) [σ_1(z)v(z) + {σ_A − λI, v}] , (3.7) where σ_1(z) is the subsymbol of A, that is

σ_1(z) = 1 2 n∑ j=1 ∂ ∂x_j A_j − A_0 = 1 2 σ(A + A^∗). (3.8)

Actually μ(z) is independent of the choice of the local section v(z) and thus it is invariantly defined on CharA. In other words, μ(z) is invariant with respect to transformation v(z) −→ ρ(z)v(z), where ρ(z) is arbitrary smoth scalar function given on U_{z0} . To show this, we observe that on CharA P (z) [σ_1(z)ρ(z)v(z) + {σ_A − λI, ρv}] − ρ(z) P (z) [σ_1(z) v(z) + {σ_A − λI, v}] = = n∑ j=1 [ ρ_{xj} P (z)(σ_A − λI)_{ξj} v − ρ_{ξj} P (z)(σ_A − λI)_{xj} v ] =

= n∑ j=1 ρ_{xj} P (z) [ λ_{ξ0} (σ_A − λI)_{ξj} − λ_{ξj} (σ_A − λI)_{ξ0} ] v(z)−

− n∑ j=0 ρ_{ξj} P (z) [ λ_{ξ0} (σ_A − λI)_{xj} − λ_{xj} (σ_A − λI)_{ξ0} ] v(z). To show that the last sum is zero, it is sufficient to apply the vector fields λ_{ξ0} ∂ ∂ξ_j − λ_{ξj} ∂ ∂ξ_0 , j = 0, 1, ..., n, and λ_{ξ0} ∂ ∂x_j − λ_{xj} ∂ ∂ξ_0 , j = 0, 1, ..., n to both sides of (σ_A − λI)v = 0 and then to act by the projector P (z). We define also a function μ_C on C in the following way:

μ_C (γ) = ∫_{s1} s_0 μ(γ(s)) ds. Now we are going to define a linear connection ▽ on K_Ω.

Let η be any vector field on CharA, v(z) be any section of K_Ω, considered as a section of the trivial vector bundle

Ω^{1/2}(CharA) × R^m −→ CharA.

We define ▽_ηv(z) = P (z) [D_ηv(z)] , (3.9) where D_η is a Lie derivative of v along the vector field η. In the case of the constant coefficients this connection has a simple geometrical meanings: parallel transfer of a vector belonging to a fiber of K_Ω along some curve γ consists of a transfer along γ in the trivial vector bundle Ω^{1/2}(CharA) ⨂ R^m −→ CharA and of projection on K_Ω.

Let γ(z_1, z_2) be a bicharacteristic connecting z_1, z_2 ∈ T^∗Q. Denote by R^{▽,K}_{z1,z2} an operator of parallel transfer generated by ▽ along the curve γ(z_1, z_2) in the vector bundle K_Ω. So if v_1 ∈ K_{z1} then R^{▽,K}_{z1,z2} v_1 = v_2 ∈ K_{z2} and there is a section s of K_Ω for which ▽s = 0, s(z_1) = v_1, s(z_2) = v_2.

Consider vector bundle M^r_K = K × K × ... × K (r factors) on CharA. The fiber of M^r_K is r–dimensional vector space of m × r matrices with columns belonging to K. So the operator R^{▽,K}_{z1,z2} acting in K_Ω generates an operator of parallel transfer R^▽_{z1,z2} acting in the vector bundle M^r_K.

Assuming z_o ∈^∘T^∗∂Q, from the condition 3 we have π^{−1}_b z = {z_1, ..., z_r}, where z_j ∈ Char^+_b A, j = 1, ..., r. There exists a neigborhood U_{z0} of z_0 such that there are smooth non-vanishing sections v_i(z) of linear vector bundle K_Ω defined in neighborhoods U_z0_i of the points z^0_i and U_{z0} ⊂ π_bU_z0_i for i = 1, ..., r. Thus one can define smooth matrix-valued function V (z) in U_{z0} , whose columns are v_1(z), ..., v_r(z). Now we define the following matrix functions in U_{z0} (see [13])

W (z) = V (z) [B(z)V (z)]^{−1} . (3.10)

We can do this because Condition 5 implies that B(z)V (z) is nondegenerate matrix. W (z) does not depend on the choice of V (z), so in this way we can define it on^∘T^∗∂Q. Consider the following sections Ω_0 and Ω of M^r_K : Ω_0(z) = P (z)W (π_bz), (3.11) Ω(z) = −P (z)W (π_bz)B(π_bz). (3.12) Denote by M^r_K (C_1) the vector bundle obtained by pull back of fibers of M^r_K by means of the mapping χ : C_1 −→ CharA. We define the principal symbol of F_0 to be a smooth section of the vector bundle M^r_K (C_1) ⨂ Ω^{1/2}(C_1).

If ν_{∂Q} is any non-vanishing section of the linear bundle Ω^{1/2}(∂Q) −→ ∂Q, γ ∈ C_1, then we define the principal symbol σ_{F0} by the formula

σ_{F0} (γ) = χ^∗ exp [−μ_C (γ)] R^▽_{κk(γ)−1 (γ),χ(γ)}Ω(κ_{k(γ)−1}(γ))∘ ∘R^▽_{κk(γ)−2 (γ),κk(γ)−1 (γ)}Ω(κ_{k(γ)−2}(γ))... ∘ R^▽_{κ1 (γ),κ2 (γ)}Ω(κ_1(γ))∘ ∘R^▽_{κ0 (γ),κ1 (γ)}(Ω_0(κ_0(γ)) ⨂ π^∗_Q|dx|^{1/2} ⨂ π^∗_Qν_{∂Q}). (3.13) Notice that one can correctly define the pull back of semidensities from Q and ∂Q to CharA and Char^+_b A with respect to π_Q and from CharA to C with respect to χ, because the mappings π_Q : CharA −→ Q, π_Q : Char^+_b A −→ ∂Q and χ : C −→ CharA are surjective.

In the same way, we denote by M^m_K (C_2) the vector bundle on C_2 obtained by means of pull back of the fibers of vector bundle M^m_K on CharA with respect to mapping χ : C_2 −→ CharA. Correspondingly, for γ ∈ C_2 we define σ_{F0(γ)} as a smooth section of vector bundle M^m_K (C_2) ⨂ Ω^{1/2}(C_2):

σ_{F0} (γ) = χ^∗ exp [−μ_C (γ)] R^▽_{κk(γ)−1 (γ),χ(γ)}Ω(κ_{k(γ)−1}(γ))∘ ∘R^▽_{κk(γ)−2 (γ),κk(γ)−1 (γ)}Ω(κ_{k(γ)−2}(γ))... ∘ R^▽_{κ1 (γ),κ2 (γ)}Ω(κ_1(γ))∘ ∘R^▽_{κ0 (γ),κ1 (γ)}(Ω(κ_0(γ)) ⨂ π^∗_Q|dx|^{1/2} ⨂ π^∗_Qdx^′). (3.14)

§4. EXTENDED CANONICAL RELATION Denote by ~Q an open neighborhood of Q, where coefficients of A are defined.

Correspondently ~Char^±A = {z ∈^∘T^∗ ~Q| p(z) = 0, ± ∂p ∂ξ_0 > 0}. (4.1) Let Bich^±A be the set of the bicharacteristics of A directed up (+) or down (−) with respect to the axes t so BichA is the set of such mappings γ that (−∞, ∞) ⊃ [s_0, s_1] ∋ s −→ γ(s) ∈ ~Char^±A, s_0 < s_1. Consider mappings β_j : Bich^±A −→ ~Char^±A, j = 0, 1 such that β_j (γ) = γ(s_j ). We allot Bich^±A by the structure of (2n + 2)–dimensional C^∞–manifold, generated by

β = β_0 × β_1 : Bich^±A −→ ~Char^±A × ~Char^±A.

Denote Bich^±_b A = {γ ∈ Bich^±A| β_0(γ) ∈ Char^+_b A}, Bich_bA = Char^+_b A ∪ Bich^+_b A ∪ Bich^−_b A.

In order to extend the mappings β_0, β_1, β to Bich_bA we extend them to Char^+_b A in letting:

β_j|Char+_{b A} = id, β = β_0 × β_1. In addition Bich_bA is alloted by the structure of a smooth (2n + 1)–dimensional manifold.

Definition 4.1. The mapping γ|[s_0, s_1] \ J ∋ s −→ γ(s) ∈ CharA, we call a broken bicharacteristic of A extended up to the boundary if the following conditions hold:

1) for any ~s_1 ∈ (s_0, s_1) \ J the restriction of γ to [s_0, ~s_1] is a broken bicharacteristic of A;

2) χ(γ) = γ(s_1 − 0) ∈ Char^−_b A.

Denote by Ĉ the set of all broken bicharacteristics of A, extended up to the boundary. On Ĉ we introduce a topology which is a preimage of a topology on Char^+_b A with respect to mappings κ_0, ..., κ_{k(γ)}, χ. Then we allot Ĉ by the structure of 2n–dimensional C^∞–manifold by means of χ.

Consider submanifolds of the manifold (Char^+_b A ∪ Ĉ) × Bich_bA defined in the following way:

~C_{1,i} = {(γ_1, γ_2)| γ_1 ∈ Char^+_b A, γ_2 ∈ Char^+_b A ∪ Bich^+_b A for i = 1 and

γ_2 ∈ Bich^−_b A for i = 2, γ_1 = β_0(γ_2)}, ~C_{2,i} = {(γ_1, γ_2)| γ_1 ∈ Ĉ, γ_2 ∈ Char^+_b A ∪ Bich^+_b A for i = 1 and

γ_2 ∈ Bich^−_b A for i = 2, (β_0(γ_2), χ(γ_1)) ∈ RefA}.

Let ~C = ~C_{11} ∪ ~C_{12} ∪ ~C_{21} ∪ ~C_{22}. From the condition 4 one can see that ~C is (2n + 1)–dimensional C^∞–manifold and C ⊂ ~C. Notice that ~C = ~C^1 ∪ ~C^2 ∪ ~C^3 and C^i ⊂ ~C^i, i = 1, 2, 3.

Consider the mapping τ : ~C −→^∘T^∗( ~Q) ∪^∘T^∗(∂Q) ×^∘T^∗(Q_0)), defined by the formula τ = β_1 ×π∘κ_0, where κ_0 is extended to Char^+_b A as an identity mapping.

As in the proof of the Lemma we show that ( ~C_1, τ ) and ( ~C_2, τ ) are immersed homogeneous Lagrangian submanifolds in^∘T^∗( ~Q)×^∘T^∗∂Q) and^∘T^∗( ~Q)×(^∘T^∗(Q_0). We call ( ~C, τ ) the extended canonical relation. As there is a closure of C in ~C then we can define

∂C = {(γ_1, γ_2) ∈ ~C_{1,1} ∪ ~C_{2,1}| β_1(γ_2) ∈^∘T^∗Q | | |_{∂Q}}.

The boundary ∂C one can represent as a union of the non-intersecting submanifolds ∂C = ∂_0C ∪ ∂_+C ∪ ∂_−C, (4.2) where ∂_0C = {(γ_1, γ_2) ∈ ~C_{1,1}| γ_1 = γ_2} ∼ Char^+_b A, ∂_+C = ∂C ∩ ~C_{2,1} = {(γ_1, γ_2)| γ_1 ∈ Ĉ, γ_2 ∈ Char^+_b A, (χ(γ_1), γ_2) ∈ RefA}, ∂_−C = {(γ_1, γ_2) ∈ ∂C| γ_2 ∈ Bich^+_b A} ∼ Ĉ.

It follows from Condition 3 that ∂_+C is r–multiple covering over ∂_−C with respect to the mapping

∂_+C ∋ (γ_1, γ_2) −→ γ_1 ∈ Ĉ ∼ ∂_−C.

Our purpose is to extend FIO F_0 to FIO ~F_0 with the canonical relation ~C. So we have to extend the principal symbol of F_0 from C to ~C. First let us consider the linear bundle ~K_Ω −→ ~CharA, defined in the same way as K_Ω −→ CharA. So one can extend the function μ(z) from CharA to ~CharA and linear connection ▽ from K to ~K. Correspondingly we define an operator of parallel transfer R^{▽,} ~^K_{z1,z2} . Now we define the principal symbol of ~F_0 in the following way:

1) if (γ_1, γ_2) ∈ C_{1,1} ∪ C_{1,2}, then

σ ~_{F0} (γ_1, γ_2) = R^{▽,} ~^{KΩ}_{β1(γ2),β0(γ2 )}Ω_0(π_bγ_1) ⨂ β^∗_1 |dx|^{1/2} ⨂ β^∗_0 ν_{∂Q}. (4.3)

2) if (γ_1, γ_2) ∈ ~C_{2,1} ∪ ~C_{2,2}, then

σ ~_{F0} (γ_1, γ_2) = R^{▽,} ~^{KΩ}_{β1(γ2 ),β0(γ2 )}Ω(π_bβ_0(γ_2))σ_{F0} (γ_1), (4.4)

where σ_{F0} is defined on the extended up to the boundary broken bicharacteristics by continuity.

Thus we constructed FIO ~F_0 : E^′_{r,δ} (∂Q) × D^′_{m,δ} (Q_0) −→ D̂^′_m(Q) such that for any (g, u) ∈ E^′_{r,δ} (∂Q) × D^′_{m,δ} (Q_0) ~F_0(g, u) | | |_Q = F0(g, u). (4.5)

§5. THE PRINCIPAL SYMBOLS OF FIO F_j , j ≥ 1 First we consider a linear bundle with connection and describe a process of integration of sections of this bundle along curves belonging to the base. Let M be a smooth manifold, L — a linear bundle over M, ▽ — a linear connection on L, v — a section of L and γ : [s_0, s_1] −→ M — a continuous curve on M. We define the integral of v along γ: ∫ v(s) ds = ∫_{s1} s_0

f(γ(s)) ω(γ(s_1 )) ds, (5.1)

where ω is a horizontal with respect to ▽ non-vanishing section of L over γ, f is a function defined on γ by the relation v = fω. Notice that the integral in (5.1) does not depend on the choice of horizontal section ω. For, if ω_1 is another horizontal non-vanishing section such that ω = ρω_1 and ξ is a vector field dγ (_∂ ∂s ) , then

0 = ▽_ξω = ▽_ξ(ρω_1) = (ξρ)ω_1 + ρ ▽_ξ ω_1 = (ξρ)ω_1, and ρ = const along γ. So v = f_1ω_1 implies f_1 = ρf and ∫_{s1} s_0

f(γ(s)) ω(γ(s_1 )) ds = ∫_{s1} s_0

f_1(γ(s)) ω_1(γ(s_1 )) ds.

Denote by F_b the FIO with canonical relation

C_b = {(z_1, z_2) ∈^∘T^∗∂Q ×^∘T^∗Q| π_Qz_2 ∈ ∂Q, π_bz_2 = z_1} (5.2)

and the symbol B(π_Qz_1) ⨂ ν_{∂Q} ⨂ |dx|^{1/2} ([14]). Notice that

F_b ∈ I^{1/4}(∂Q, ~Q, C_b, Ω^{1/2}_{∂Q×} ~_Q × Hom(E^r (∂Q), E^m( ~Q)).

We are going to construct a sequence of FIO ~F_j, j = 1, 2, ..., with the same

canonical relation ~C and with the principal symbols defined by the recursion

relations and satisfying the conditions ~F_j ∈ I^{−1}4^{−j}( ~Q, ∂Q, ~C, Ω^{1/2} ~Q×∂Q ⨂ Hom(E^m(Q), E^r(∂Q))), (5.3)

A ∘ l∑ j=0 ~F_j ∈ I^{−1}4^{−l}( ~Q, ∂Q, ~C, Ω^{1/2} ~Q×∂Q ⨂ Hom(E^m( ~Q), E^r(∂ ~Q))), (5.4)

F_b ∘ l∑ j=0 ~F_j − Id ∈ I^{−1−l}(∂Q, ∂Q, C_b ∘ ~C, Ω^{1/2}_{∂Q×∂Q} ⨂ Hom(E^r ( ~Q), E^r(∂ ~Q))), (5.5)

One can write (5.4) as a condition on symbols:

σ A ∘ l∑ j=0 ~F_j ∈ S^n2^{−1−l}( ~C, Ω^{1/2} ~C ⨂ Hom(E^m( ~C), E^r( ~C)). (5.6)

Also the following condition should be satisfied

P σ A ∘ l∑ j=0 ~F_j ∈ S^n2^{−1−l}( ~C, Ω^{1/2} ~C ⨂ Hom(E^m( ~C), E^r( ~C)). (5.7)

It should be noted that the composition of FIO F_b and ~F_j is correctly defined, because Condition 4 guarantees that the composition of canonical relations C_b and ~C is transversal (§7). Also, FIO ~F_0 constructed in §§2,3 satisfies to all of these conditions for l = 0 (it will be shown in §7).

Let z_0 ∈ CharA, M_1(z) be a smooth (m−1)×m–matrix valued function, the columns of which are basis vectors of the vector space (I − P (z))R^m. M_1(z) is defined up to right action of the group GL(m − 1, R). It follows from Condition 1 that σ_A(z) is an automorphism of the vector space (I − P (z)) R^m. Consider smooth m × m–matrix valued function

M (z) = M_1(z) [ M tr_1 (z) σ_A(z) M_1(z) ]_{−1} M tr_1 (z) (5.8)

in a neighborhood of z_0. Invariance of M (z) with respect to right action of GL(m − 1, R) on ~M_1(z) implies that M (z) does not depend on the choice of a basis in (I − P (z))R^m and so M (z) is corectly defined on ~CharA. Denote by M_C (γ), ~K_C and ~▽_C a smooth matrix valued function, linear bundle and linear connection obtained by pull back of M (z), ~K_C and ▽ with respect to the mapping ~χ : ~C −→ ~CharA.

Let us consider the vector bundle Hom(E^r ( ~CharA), E^m( ~CharA)) over ~CharA. Its fiber is the vector space of m × r–matrices. Let M be the vector bundle obtained by pull back of Hom(E^r( ~CharA), E^m( ~CharA)) with respect to χ : ~C −→ ~CharA. Denote by M_Ω the tensor product M ⨂ Ω^{1/2} over ~C.

The principal symbols of the operators ~F_j will be the sections of M_Ω. Let us consider the following smooth sections

f_j (γ) = M (γ) σ ( A ∘ j−1∑ i=0 ~F_j ) (5.9)

of M_Ω and FIO ~F_{j,1} with the canonical relation ~C and the principal symbols f_j. From (5.8) we have

P σ(A ∘ F_{j,1}) ∈ S^{n2 −1−j}( ~C, Ω^{1/2}~_C ⨂ Hom(E^m( ~C), E^r( ~C)). (5.10)

Now we define the process of pull back of a broken bicharacteristic γ ∈ ~C from CharA to ~C in the following way:

with any broken bicharacteristic γ ∈ ~C, γ : [s_0, s_1] \ J −→ CharA, we associate piecewise continuous function γ ∈ ~C, γ : [s_0, s_1] \ J −→ ~C, such that for any ~s ∈ [s_0, s_1] \ J, γ(~s)| [s_0, ~s] \ J −→ CharA and ~γ(~s) = γ|_{[s0,s1]\J} . Consider the smooth section σ^j = −P σ ( A ~F_{j,1} + j−1∑ i=0 A ~F_i ) (5.11) of M_Ω. Let γ ∈ ~C and ~γ is a corresponding broken line on ~C. For any points γ_1 and γ_2 belonging to ~γ denote by R^C_{γ1,2} the operator of the parallel transfer along the bicharacteristic curve γ_{1,2} connecting ~γ_1 = ~γ(~s_1) and ~γ_2 = ~γ(~s_2). Denote by S^{C,j}~_{γ1,}~_{γ2} the transfer operator in M_Ω generated by integration of the section σ^j along ~γ_{1,2}, so that if v belongs to the fiber of M_Ω over the point ~γ_1 then

S^{C,j}~_{γ1,}~_{γ2} v = R^C~_{γ1,}~_{γ2} v + ∫ ~γ1,2 exp μ_C (~γ(s)) σ^j (~γ(s)) ds (5.12)

belongs to the fiber over the point ~γ.

Let ~π_1 and ~π_2 be the projections of^∘T^∗ ~Q ×^∘T^∗∂Q to the first and second cofactors. Consider the composition

C_b ∘ ~C = {(z_1, z_2, γ)| (z_1, z_2) ∈ C_b, γ ∈ ∂C, ~π_1 ∘ τ (γ) = z_2} (5.13)

of the canonical relations C_b and ~C and the mapping ı_b : C_b ∘ ~C −→^∘T^∗∂Q × ∘ T^∗∂Q such that ı_b(z_1, z_2, γ) = (z_1, ~π_2(τ (γ)). Then (C_b ∘ ~C, ı_b) is a homogeneous immersed Lagrangian submanifold in^∘T^∗∂Q ×^∘T^∗∂Q. We define the mapping φ| ∂C −→ C_b ∘ ~C: φ(γ) = ((π_b ∘ ~π_1 ∘ τ )(γ), (π_1 ∘ τ )(γ), γ). (5.14)

One can see that φ is diffeomorphism, ı_b∘φ = (π_b∘β_1)×(π_b∘κ_0). Thus (∂C, ı_b∘φ) is a homogeneous immersed Lagrangian submanifold in^∘T^∗∂Q×^∘T^∗∂Q and there exists a diffeomorphism from (∂C, ı_b ∘ φ) to (C_b ∘ ~C, ı_b).

Denote by M_Ω(∂C) the restriction of M_Ω to ∂C ⊂ ~C. Now we consider the following smooth section of M_Ω(∂C)

σ^j_b (γ) = Ω_0(χ(γ)) σ_{Id−F} b ∘ j−1∑ i=0 ~F_i (γ), (5.15)

where γ ∈ ∂C. If γ ∈ ~C, J_γ = (s_0, s_1, ..., s_k), and ~γ is the associated broken line on ~C, then ~γ(s_1), ..., ~γ(s_k) ∈ ~C ∼ ∂_−C ⊂ ∂C, κ_0(γ) ∈ Char^+_b A ∼ ∂_0C ⊂ ∂C. Let us define the principal symbol of F_{j,2}: σ_{Fj,2} (γ) = exp [−μ_C (γ)] S^{C,j}~_{γ(sk),γ} [ σ^j_b (~γ(s_k))+ +Ω(κ_k(γ)) S^{C,j}~_{γ(sk−1 ),}~_{γ(sk)} [ σ^j_b (~γ(s_{k−1})) + Ω(κ_{k−1}(γ)) S^{C,j}~_{γ (sk−2),}~_{γ(sk−1 )} ... ... [ σ^j_b (~γ(s_1)) + Ω(κ_1(γ)) S^{C,j}~_{γ (s1),}~_{γ(s0)}σ^j_b(κ_0(γ)) ] ... ] . (5.16)

Then we determine FIO ~F_j to be ~F_j = ~F_{j,1} + ~F_{j,2}.

Notice that if ~F_j is FIO with the canonical relation C and the principal symbol σ_{Fj} = σ ~_{Fj} | | |_C , then for any g ∈ E^′(∂Q) one can obtain

F_jg = ~F_j g | | |_Q . (5.17)

§6. MAIN RESULT Let us consider the asymptotic sum

F ∼ ∞∑ j=0 F_j (6.1)

and a function ρ_δ (x) ∈ C^∞(R^{n+1}) such that ρ_δ(x) = 0 in δ/2–neighbourhood of ∂Q ∩ Q_0 and ρ_δ (x) = 1 outside of δ–neighbourhood of ∂Q ∩ Q_0. We define the operator

E^δ : E^′_{r,δ} (∂Q) × D^′_{m,δ} (Q_0) −→ D̂^′_m(Q) (6.2)

such that

E^δ(g, u_0) ⨂ |dx|^{1/2} = ρ_δ (x) × F(g ⨂ ν_{∂Q}, u_0 ⨂ |dx^′|^{1/2}), (6.3)

where ν_{∂Q} is non–vanishing semidensity on ∂Q, defined in §3. In order to formulate the theorem we need the following

Condition 6. For any x ∈ Q the set χ^{−1}(x) is finite.

Theorem 6.1 If Conditions 1–6 hold, then the operator E_δ is the parametrix of the Problem (1.1) — (1.2).

§7. PROOF OF THEOREM 6.1 Let X and Y be C^∞–manifolds, E −→ X, F −→ Y — vector bundles and (C, ı) be canonical relation from Y to X. We call (C, ı) a local–finite canonical relation if for any z ∈ ı(C) there exists a neighbourhood U_z ⊂^∘T^∗X ×^∘T^∗Y and a positive integer k_z such that the restriction of ı to ı^{−1}(U_z) is k_z–multiple covering.

Let (C_1, ı_1) and (C_2, ı_2) be locally–finite canonical relations from Y to X. We say that (C_1, ı_1) is reduced to (C_2, ı_2) if there exists a smooth mapping f from C_1 to C_2 such that ı_1 = ı_2 ∘ f. Let F_i ∈ I^m(X × Y, C_i), i = 1, 2, and the mapping f reduces (C_1, ı_1) to (C_2, ı_2). Denote by ~F_1 the FIO with canonical relation (C_2, ı_2) and the principal symbol

σ ~_{F1} (γ) = ∑ σ_{F1} (γ_i), (7.1)

where the summation is taken over all preimages γ_i ∈ C_1 of the point γ ∈ C_2 with respect to f. Then ~F_1 ∈ I^m(X × Y, C_2) and ~F_1 = F_2(modI^{m−1}(X × Y, C_2)). (7.2)

Let X, Y, Z be C^∞–manifolds, E −→ X, F −→ Y , G −→ Z — vector bundles, (C_i, ı_i), i = 1, 2 — homogeneous immersed Lagrangian submanifolds of the symplectic manifolds (^∘T^∗X ×^∘T^∗Y, ω_1) and (^∘T^∗Y ×^∘T^∗Z, ω_2), where ω_1 = ω_T ∗_X − ω_T ∗_Y , ω_2 = ω_T ∗_Y − ω_T ∗_Z . Then (C_1 × C_2, ı_1 × ı_2) is the immersed submanifold in^∘T^∗X ×^∘T^∗Y ×^∘T^∗Y ×^∘T^∗Z. Denote by Δ the diagonal in^∘T^∗Y ×^∘T^∗Y and by C the preimage of^∘T^∗X×Δ×^∘T^∗Z with respect to the mapping ı_1×ı_2. We assume that ı_1 ×ı_2 is transversal to^∘T^∗X ×Δ×^∘T^∗Z. Then C is the submanifold in C_1 × C_2 (see [15]). Let π_{X×Z} : T^∗X × T^∗Y × T^∗Y × T^∗Z −→ T^∗X × T^∗Z be the canonical projection and

ı = π_{X×Z} ∘ (ı_1 × ı_2)|_C : C −→ T^∗X × T^∗Z. (7.3)

The homogeneous immersed Lagrangian submanifold (C, ı) in (^∘T^∗X×^∘T^∗Z, ω_T ∗_X − ω_T ∗_Z ) we call a transversal composition of canonical relations (C_1, ı_1) and (C_2, ı_2). Notice that if (C_1, ı_1) and (C_2, ı_2) are locally–finite then their transversal composition is locally–finite too.

Now we can pass to the proof of the theorem. Let us consider the immersed Lagrangian submanifold (T^∗∂Q ∪ Ĉ,î) in T^∗∂Q × T^∗∂Q, where

î|_T ∗_{∂Q} = id × id, î|_Ĉ = χ × (π_b ∘ χ_0).

Define the mapping f : ∂C −→ T^∗∂Q ∪ Ĉ in the following way: f|_{∂0C} = π_b is r–multiple covering, f|_{∂−C} : ∂_−C −→ Ĉ is diffeomorphism, f|_{∂+ C} : ∂_+C −→ ∂_−C ∼ Ĉ is r–multiple covering. The following relation holds

î ∘ f = ı_b ∘ φ. (7.4)

We consider FIO F_b ∘ ~F_j with canonical relation C_b ∘ ~C. The mapping f reduces

C_b ∘ ~C to (T^∗∂Q ∪ Ĉ,î). From (7.4) and (7.1) we have

F_b∘ ~F_j = F̂_j (modI^{j−1}(∂Q, ∂Q, T^∗∂Q∪Ĉ, Ω^{1/2}_{∂Q×∂Q} ⨂ Hom(E^r(∂Q), E^r (∂Q)))), (7.5) where F̂_j is FIO with canonical relation (T^∗∂Q∪Ĉ,î) and the principal symbol:

a) for γ ∈ T^∗∂Q σ_{F̂j} (γ) = r∑ j=1 σ_{Fb∘} ~_{Fj} (~γ_j ), (7.6) b) for γ ∈ Ĉ σ_{F̂j} (γ) = σ_{Fb∘} ~_{Fj} (γ) + r∑ j=1 σ_{Fb∘} ~_{Fj} (~γ_j ), (7.7) where (~γ_1, ..., ~γ_r) = f^{−1}(γ).

In order to prove (5.5) for l = 0 let us write the principal symbol of the operator F_b ∘ ~F_0. Since φ| ∂C → C_b ∘ ~C is a diffeomorphism, we have

φ^∗σ_{Fb∘} ~_{F0} ∈ S^{n/2}(∂C, Ω^{1/2}_{∂C} ⨂ Hom(E^r (∂C), E^r(∂C))). It follows from (3.13), (4.3), (4.4) and from formula of composition for FIO ([12]), that

a) for γ ∈ Char^+_b A ∼ ∂_0C

Φ^∗σ_{Fb∘} ~_{F0} = B(π_Q ∘ π_b(γ))Ω_0(π_b(γ)) ⨂ π^∗_b ν_{∂Q} ⨂ π^∗_b ν_{∂Q}, (7.8) b) for γ = (γ_1, γ_2) ∈ ∂_+C ∪ ∂_−C

φ^∗σ_{F∘} ~_F = exp[−μ_c(γ_1)] π^∗_Qν_{∂Q} ⨂ B(π_Q∘π_b(γ_2))π^∗_Q|dx|^{−1/2}×R^▽_{κk(γ1)−1 (γ1),κ(γ1 )}Ω(κ_{k(γ1)−1}(γ_1)∘...

... ∘ R^▽_{κ0(γ1 ),κ1(γ1 )}(Ω_0(κ_0(γ_1) ⨂ π^∗_Q|dx|^{1/2}) ⨂ π^∗_Qν_{∂Q}. (7.9) From (7.6) – (7.9) we obtain a) for γ ∈ T^∗∂Q

σ_{F̂0} (γ) = r∑ j=1 B(π_Q ∘ π_b(~γ_j ))Ω_0(π_b(~γ_j )) ⨂ π^∗_b ν_{∂Q} ⨂ π^∗_b ν_{∂Q}. (7.10)

From this and from (3.10), (3.11)

σ_{F̂0} (γ) = B(π_Q(γ)) r∑ j=1 P (~γ_j )V (γ)[B(γ)V (γ)]^{−1} ⨂ π^∗_b ν_{∂Q} ⨂ π^∗_b ν_{∂Q}. (7.11)

Let E_+(γ) be a linear subspace in R^m spanned on the columns of the matrix

V (γ). The projector^r ∑ j=1 P (~γ_j ) acts on E_+(γ) as an identity operator, so we

obtain

σ_{F̂0} (γ) = Id ⨂ π^∗_b ν_{∂Q} ⨂ π^∗_b ν_{∂Q}. (7.12)

b) For γ ∈ Ĉ

σ_{F̂0} (γ) = exp[−μ_C (γ)] π^∗_Qν_{∂Q} ⨂ B(π_Q∘χ(γ))π^∗_Q|dx|^{−1/2}×R^▽_{κk(γ)−1 (γ),χ(γ)}Ω(κ_{k(γ)−1}(γ)∘...

... ∘ R^▽_{κ0(γ),κ1 (γ)}(Ω_0(κ_0(γ) ⨂ π^∗_Q|dx|^{1/2}) ⨂ π^∗_Qν_{∂Q}+ + r∑ j=1 exp[−μ_c(~γ_j )] π^∗_Qν_{∂Q} ⨂ B(π_Q∘χ(~γ_j )) ⨂ π^∗_Q|dx|^{−1/2}×Ω(κ(~γ_j ))R^▽_κ k(~γ_j )−1^(~^{γj ),χ(}~^{γj )} Ω(κ_{k(}~_{γj )−1}(~γ_j )∘... ... ∘ R^▽_{κ0(}~_{γj ),κ1 (}~_{γj )}(Ω_0(κ_0(~γ_j ) ⨂ π^∗_Q|dx|^{1/2}) ⨂ π^∗_Qν_{∂Q}, where (~γ_1, ..., ~γ_r) = f^{−1}(γ).

Notice that

π_Q ∘ χ(~γ_j ) = π_Q ∘ χ(γ), κ_i(~γ_j ) = κ_i(γ), R^▽_{κi(}~_{γj ),κi+1 (}~_{γj )} = R^▽_{κi(γ),κi+1 (γ)}, i = 0, ..., k_{γ−1}, μ_C (~γ_j ) = μ_C (γ), j = 1, ..., r. So we have

σ_{F̂0} (γ) = exp[−μ_c(γ)] π^∗_Qν_{∂Q} ⨂ B(π_Q ∘ χ(γ))π^∗_Q|dx|^{−1/2}×

(I + r∑ j=1 Ω(χ(~γ_j )))R^▽_{κk(γ)−1 (γ),χ(γ)}Ω(κ_{k(γ)−1}(γ) ∘ ... ... ∘ R^▽_{κ0(γ),κ1(γ)}(Ω_0(κ_0(γ) ⨂ π^∗_Q|dx|^{1/2}) ⨂ π^∗_Qν_{∂Q}. (7.13) From (3.12) we obtain

B(π_Q∘χ(γ))(I+ r∑ j=1 Ω(χ(~γ_j ))) = B(π_Q∘χ(γ))− r∑ j=1 P (χ(~γ_j))×W (π_b∘χ(~γ_j ))B(π_Q∘χ(~γ_j )) =

= B(π_Q ∘ χ(~γ_j)) − B(π_Q ∘ χ(γ)) × r∑ j=1 P (χ(~γ_j)) × W (π_b ∘ χ(γ))B(π_Q ∘ χ(γ)). (7.14) The projector^r ∑ j=1 P (χ(~γ_j)) acts on E_+(χ(γ)) as the identity operator, so by (3.10) we can write

B(π_Q ∘ χ(γ)) × r∑ j=1 P (χ(~γ_j)) × W (π_b ∘ χ(γ))B(π_Q ∘ χ(γ)) = B(π_Q ∘ χ(γ))×

× r∑ j=1 P (χ(~γ_j )) V (π_b∘χ(γ))[B(π_Q∘χ(γ))×V (π_b∘χ(γ))]^{−1} B(π_Q∘χ(γ)) = B(π_Q∘χ(γ)). (7.15) It follows from (7.13) – (7.15) that σ_{F̂0} (γ) = 0 for γ ∈ Ĉ, so (5.5) is proved for l = 0. The relation (5.5) for l = 1, 2, ... are proved similarly. The proof of (5.6) is standard and we turn to the relations (5.7). Let us show that P σ_{−1}(AF_0) = 0. (7.16) It is well known (see [12], [16]) that

σ_{−1}(AF_0) = {σ_A, σ_{F0} } + σ_{−1}(A)σ_{F0} .

Since

P σ_{−1}(AF_0) = P ({σ_A−λI, σ_{F0} }+σ_{−1}(A)σ_{F0} )+P {λ, σ_{F0} } = μσ_{F0} +P D_{Hp} σ_{F0} =

= μσ_{F0} +▽_{Hp} σ_{F0} = (▽_{Hp} +μ) exp[−μ_C(γ)]×χ^∗R^▽_{κk(γ)−1 (γ),χ(γ)}v = ▽_{Hp} R^▽v = 0.

In the same way P σ(A ∘ F_j ) = P σ(A ∘ F_{j,1}) + P σ(A ∘ F_{j,2}) = P σ(A ∘ F_{j,1}) + (▽_{Hp} + μ)σ(F_{j,2}). It follows from (5.16), (5.12) and (5.11) that the last expression is equal to P σ(A ∘ F_{j,1}) − P σ(A ∘ ~F_{j,1}) − P σ( j−1∑ i=0 A ∘ F_j), so that (5.7) holds.

It remains to show that the difference between E_δ(g, u_0) and the exact solution of the problem (1.1) – (1.2) belongs to C^∞(Q). Let V_δ (∂Q) be δ–neighbourhood of ∂Q in R^{n+1}. For x /∈ V_δ(∂Q) we have ~F(g, u_0) − E^δ (g, u_0) = (1 − ρ_δ (x)) ~F(g, u_0) = 0.

On the other hand, ~F(g, u_0) ∈ C^∞(Q ⊂ V_δ(∂Q)). Therefore ω = E_δ(g, u_0) − u is the solution of the mixed problem with C^∞–data and these data are C^∞– compatible.

R E F E R E N C E S 1. J. Chazarain, “Construction de la parametrix du probleme mixte hyperbolique pour l’equation des ondes”, C. R. Acad. Sc. Paris, vol. 276, ser. A, pp. 1213 – 1215, 1973.

2. J. Chazarain, “Parametrix du probleme mixte pour l’equation des ondes a l’interier dun domaine convexepour les bicharacteristiques”, Asterisque, vol. 34 – 35, pp. 165 – 181, 1976.

3. R. B. Melrose, “Microlocal parametrices for difractive boundary value problems”, Duke Math. J., vol. 42, pp. 583 – 604, 1975.

4. M. Taylor, “Grasing rays and reflection of singularities of solutions to wave equations”, Comm. Pure Appl. Math., vol. 29, pp. 1 – 38, 1976. 5. G. Eskin, “Parametrix and propagation of singularities for the interior mixed hyperbolic problem”, J. Analyse Math., vol. 32, pp. 17 – 62, 1977. 6. G. Eskin, “General initial–boundary problems for second order hyperbolic equations”, In: Sing. in boundary value problems. D.Reidel Publ. So., Dordrecht, Boston, London, pp. 19 – 54, 1981.

7. G. Eskin, “Initial boundary value problem for second order hyperbolic equations with general boundary conditions 1”, J. Analyse, Math., vol. 40, pp. 43 – 89, 1981.

8. R. B. Melrose, J. Sjostrand, “Singularities of boundary value problems 1, 2”, Comm. Pure Appl. Math., vol. 31, pp. 593 – 617, 1978; vol. 35, pp. 129 – 168, 1982.

9. K. Kubota, “Microlocal parametrices and propagation of singularities near gliding points for hyperbolic mixed problems”, Hokk. Math. J., vol. 15, no. 2, pp. 243 – 308, 1986.

10. R. G. Airapetyan, “Fundamental solution of a model mixed problem with a boundary nonstrictly concave relative to bicharacteristics,” [in Russian], Izv.

Akad Nauk Armenii, Matematika, vol. 26, no. 4, pp. 1 – 20, 1991.

Engl. transl.: [Journal of Contemporary Math. Anal. (Armenian Academy of Sciences)], vol. 26, no. 4, pp. 1 – 20, 1991.

11. V. Guillemin, S. Sternberg, Geometric Asymptotics, Providence, Rhode Island, 1977.

12. L. Hormander, The Analysis of Linear Partial Differential Operators, vol. 3, Springer–Verlag, 1985.

13. K. Kasahara, “On weak well–posedness of mixed problems for hyperbolic systems,” Publ. RIMS Kyoto Univ., vol. 6, no. 3, pp. 503 – 514, 1971. 14. J. J. Duistermaat, Fourier Integral Operators. Courant Inst. of Math. Sciences. New York University, 1973.

15. M. Golubitsky, V. Guillemin, Stable Mappings and Their Singularities, Springer–Verlag, 1973.

16. F. Treves, Introduction to Pseudodifferential and Fourier Integral Operators, vol. 1, 2, Plenum Press, 1982.

5 November 1992 Republic of Armenia Interuniversity Scientific Centre of Applied Problems of Mathematics, Yerevan State University.

Ruben Airapetyan, Joint Institute for Nuclear Recearch, LCTA, Dubna, Moscow Region, Russia, 141980. e-mail: airapetyan@main1.jinr.dubna.su

33