Applicable Analysis

CONTINUOUS NEWTON METHOD AND ITS MODIFICATION

Ruben Airapetyan

Department of Mathematics, Kansas State University, Manhattan, Kansas, 66506, USA.

Electronic mail: airapet@math.ksu.edu

Abstract

The Continuous Newton method (CNM) and its modification (MCNM) are studied. MCNM permits one to replace the inversion of the derivative operator at every step of iterations by its inversion only at the initial approximation point. Then the extended system of the differential equations in Hilbert space, introduced in this paper, permits the realization of the iterative process with the simultaneous calculation of the inverse derivative operator. For CNM and MCNM the theorems establishing convergence with exponential rate are proved. The convergence theorem for MCNM is proved under almost the same conditions as for CNM.

AMS: 65J15, 58C15, 47H17 KEY WORDS: Continuous Newton method, Fréchet derivative, exponential convergence, integral inequality.

1 Introduction

Let φ be some nonlinear operator from one Banach space to another. (Some results below are obtained under the assumption that φ is a nonlinear operator from a Hilbert space H to itself.) We consider a nonlinear equation

φ(x) = 0. (1.1)

In the well-known Newton’s method (NM) ([8, 6, 9]) one constructs a sequence {x_n} for n = 0, 1, . . . , which converges to a solution of equation (1.1). The first term x_0 is an initial approximation point and the other terms are constructed by the following iterative process:

x_{k+1} = x_k − γ_kφ^′(x_k)^{−1}φ(x_k), (1.2)

where φ^′(x) is the Fréchet derivative of the operator φ and {γ_k} is some sequence of positive numbers. According to the standart terminology one calls this method the damped Newton’s method while the Newton’s method corresponds to γ_k = 1 for all k.

Continuous Newton method (CNM) is an alternative approach to the solution of (1.1). Instead of (1.2) one considers the following Cauchy problem for the nonlinear differential equation ([7, 14]):

ẋ(t) = −φ^′(x(t))^{−1}φ(x(t)), 0 ≤ t < ∞, x(0) = x_0. (1.3)

If one applies Euler’s method with the steps γ_k to (1.3) one gets the damped Newton’s method. Continuous analogs of iterative methods have several advantages. Convergence theorems for continuous methods can usually be obtained easier. If a convergence theorem is proved for a continuous method, that is, for the Cauchy problem for a differential equation, for instance (1.3), one can construct various finite difference schemes for the solution of this Cauchy problem. These difference schemes give discrete methods for the solution of equation (1.1). For instance the methods of Euler and Runge-Kutta can be used. More information about the applications and modifications of continuous Newton methods can be found in ([7, 14, 4]).

In this paper continuous analogs of NM and some its modifications are studied and corresponding convergence theorems are proved. The sufficient conditions of convergence theorems for NM and CNM are much more restrictive than nessesary ones. The numerous applications of Newton’s methods for numerical solution of nonlinear problems show that very often these methods work stably even if the initial approximation point is not close to the solution to equation (1.1) despite a violation of the assumptions of convergence theorems. By the same reason it is difficult to compare different iterative schemes or their continuous analogs from the point of view of convergence theorems. Thus a development of various methods for solving equation (1.1) is a problem of a practical interest.

The principal point of the implementation of NM and CNM is the inversion of the operator φ^′(x). Such inversion is often difficult and could be the reason for decreasing accuracy of calculations. To avoid this difficulty, some modifications of NM and CNM have been developed. The most well known of them is simplified NM of L. Kantorovich. In this method the operator of inverse derivative φ^{′−1}(x_k) in (1.3) is replaced by φ^{′−1}(x_0):

x_{k+1} = x_k − φ^′(x_0)^{−1}φ(x_k). (1.4)

A combination of CNM with the method of parameter variation ([5]) has been used in [10]. A similar algorithm, but in a framework of NM, has been earlier investigated in [13].

Below a different method (MCNM) of realization of a continuous process is developed (see also [2]). The main idea of the method is the construction of a process which converges to the solution to the nonlinear equation φ(x) = 0 with a simultaneous inversion of derivative operator φ^′(x(t)). Such a construction allows one to replace the inversion of the derivative operator φ^′(x) on every step of iterations by its inversion only in the initial approximation point x_0. Thus if Y_0 is close enough to φ^{′−1}(x_0), then Y (x) remains close to φ^{′−1}(x) during the whole process. The convergence theorem for MCNM is proved under almost the same conditions as for CNM. At the same time the application of MCNM for the solution to a few difficult nonlinear problems demonstrated its practical efficiency. (The applications of MCNM are not included in this paper, but can be found in [1], [2], [3]).

The paper is organized as follows. In Sect. 2 the convergence theorems for CNM are formulated. In Sect. 3 MCNM is described and the convergence theorem is formulated. The convergence theorems are proved in Sect. 4.

2 Continuous Analogs of Newton Method

Let B_1 and B_2 be Banach spaces and L(B_2, B_1) a space of linear bounded operators from B_2 to B_1. Denote by x_0 some initial approximation to the solution of (1.1) and by B(x_0, r) the ball: {x ∈ B_1; ||x − x_0|| < r}. Denote also α_0 := ||[φ^′(x_0)]^{−1}φ(x_0)||, β_0 := ||[φ^′(x_0)]^{−1}||.

Condition A. There exist some positive numbers r ≥ 2α_0 and k such that

1. φ : B(x_0, r) → B_2 is C^1-map and for every x ∈ B(x_0, r) there exists Gâteaux derivative φ^{′′}(x, ξ_1, ξ_2)^1;

2. ||φ^{′′}(x, ξ_1, ξ_2)|| ≤ k||ξ_1||·||ξ_2|| for every x ∈ B(x_0, r) and every ξ_1, ξ_2 ∈ B_1;

3. φ^′(x_0)^{−1} ∈ L(B_2, B_1), and

2kα_0β_0 < 1. (2.1)

Now let us consider the following Cauchy problems in B_1:

ẋ(t) = −φ^′(x(t))^{−1}φ(x(t)), 0 ≤ t < ∞, x(0) = x_0. (2.2)

Definition 2.1 Let us say that x(t) converges to x^∗ exponentially if there exist positive constants c_1 and c_2 such that ||x(t) − x^∗|| ≤ c_1e^{−c2t}. (2.3) Theorem 2.2 If Condition A holds then

1) there exists a solution x = x(t), t ∈ [0, ∞) of the problem (2.2) and x(t) ∈ B(x_0, r) for all t ∈ [0, +∞);

2) there exists lim t−→+∞ x(t) = x ∗, (2.4)

x^∗ is the unique solution of the problem (1.1) in B(x_0, 2α_0), and x(t) converges to x^∗ exponentially.

1For x ∈ B1 Gâteaux derivative φ00(x, ξ1, ξ2) is a bilinear operator on B1 such that φ0_{(x+ξ1)ξ2 −φ}0_{(x)ξ2 = φ}00_{(x, ξ1, ξ2)+ηξ2, and ||η||·||ξ1||}�1_{−→ 0 for ξ1 −→ 0, ||ξ1|| > 0.}

Remark 2.3 In contrast to the work [7], where the convergence of CNM is proved under the assumption that ||[φ^′(x)]^{−1}|| is boundedly invertible for all x ∈ B(x_0, r), in Theorem 2.2 we assume only that ||[φ^′(x_0)]^{−1}|| ≤ β_0 < ∞, and then prove that ||[φ^′(x)]^{−1}|| is uniformly bounded for x ∈ B(x_0, r) (see estimate (4.2) below).

Condition B. There exist some positive numbers r, γ, β, δ and mapping A : B(x_0, r) → L(B_1, B_2) such that

1. φ : B(x_0, r) → B_2 is C^1-map, 2. for every x ∈ B(x_0, r) there exists A^{−1}(x), ||φ^′(x) − A(x)|| ≤ δ and ||A^{−1}(x)|| ≤ β, (2.5) 3. A^{−1}(x) is a Lipschitz mapping from B(x_0, r) to L(B_2, B_1), 4. the following inequalities hold

β(δ + γ) < 1 and r ≥ β||φ(x_0)|| 1 − β(δ + γ) , (2.6)

where γ := sup x1,x2∈B(x0,r) ||φ^′(x_1) − φ^′(x_2)||. (2.7)

Now let us consider the following Cauchy problems in B_1:

ẋ(t) = −[A(f(x))]^{−1}φ(x), 0 ≤ t < ∞, x(0) = x_0. (2.8)

where f : B(x_0, r) → B(x_0, r) is an arbitrary Lipschitz mapping.

Theorem 2.4 If Condition B holds then

1) there exists a solution x = x(t), t ∈ [0, ∞) of the problem (2.8) and x(t) ∈ B(x_0, r) for all t ∈ [0, +∞);

2) there exists lim t−→+∞ x(t) = x ∗, (2.9)

x^∗ is the unique solution of the problem (1.1) in B(x_0, r) and x(t) converges to x^∗ exponentially.

Remark 2.5 For instance if f(x) = x_0 for x ∈ B(x_0, r) and A = φ^′(x) then (2.8) turns into continuous analog of simplified Newton method:

x^′(t) = −[φ^′(x_0)]^{−1}φ(x(t)), 0 ≤ t < ∞, x(0) = x_0. (2.10)

The convergence of the simplified Newton method is also established under the following condition.

Condition C. There exist some positive numbers r and k such that 1. φ : B(x_0, r) → B_2 is a C^1-map.

2. ||φ^′(x_1) − φ^′(x_2)|| ≤ k||x_1 − x_2|| for every x_1, x_2 ∈ B(x_0, r), 3. φ^′(x_0)^{−1} ∈ L(B_1, B_2),

2kα_0β_0 < 1, and

2α_0 1 + √ 1 − 2kα_0β_0

≤ r. (2.11)

Theorem 2.6 If Condition C holds then

1) there exists a solution x = x(t), t ∈ [0, ∞) of the problem (2.10) and x(t) ∈ B(x_0, r) for all t ∈ [0, +∞);

2) there exists lim t−→+∞ x(t) = x ∗, (2.12)

x^∗ is the unique solution of the problem (1.1) in B(x_0, 2α_0) and x(t) converges to x^∗ exponentially.

Remark 2.7 Theorems 2.2, 2.4, 2.6 are continuous analogs of convergence theorems for NM and simplified NM ([6], [9]).

Let H be a real or a complex Hilbert space, L(H) be the space of linear operators in H, and A^∗ be the adjoint of A for any A ∈ L(H). Let us consider the equation (1.1) for φ : H −→ H.

Condition D. There exist some positive real numbers r, c and continuous operator-valued function F (x) from B(x_0, r) to L(H) such that 1) there exist Fréchet derivative φ^′(x) and Gâteaux derivatives φ^{′′}(x) and F^′(x), and they are locally bounded in B(x_0, r);

2) for every x ∈ B(x_0, r) the spectrum of the operator φ^′(x)F (x) + (φ^′(x)F (x))^∗ belongs to the half-line [2c, +∞);

3) for any x ∈ B(x_0, r) ||φ(x_0)|| · ||F (x)|| ≤ rc. (2.13) Now let us consider the following Cauchy problem in H:

ẋ(t) = −F (x(t))φ(x(t)), 0 ≤ t < ∞, x(0) = x_0. (2.14)

Theorem 2.8 If Condition D holds then

1) there exists a solution x = x(t), t ∈ [0, ∞) of the problem (2.14) and x(t) ∈ B(x_0, r) for all t ∈ [0, +∞);

2) there exists lim t−→+∞ x(t) = x ∗, (2.15)

x^∗ is the solution of the problem (1.1) and x(t) converges to x^∗ exponentially.

Remark 2.9 a) If F (x) = [φ^′(x)]^{−1} then we get CNM. In this case c = 1 and Theorem 1 yields the convergence theorem for CNM([7]);

b) F (x) = [φ^′(x)]^∗ corresponds to the gradient method.

3 CNM with Simultaneous Inversion of ’^′ (MCNM)

Here we also consider a nonlinear operator φ from a Hilbert space H to itself. Our goal is to develop the Continuous Newton Method with Simultaneous Inversion of φ^′.

We consider the following system: { φ(x) = 0 φ^′(x)Y − I = 0, (3.1)

where Y ∈ L(H) and I is an identity operator. Let Y_0 be an approximation to φ^′(x_0)^{−1} and ρ a positive number.

Instead of (2.14), we consider the problem { ẋ(t) = −Y (t)φ(x(t)), Ẏ (t) = −ρ2((φ′(x)∗φ′(x)Y (t) + Y (t)φ′(x)(φ′(x))∗) + 2ρ2(φ′(x))∗, (3.2) x(0) = x_0, Y (0) = Y_0.

Condition E. There exist some positive real numbers r and ϵ such that 1) there exist Fréchet derivative φ^′(x) and Gâteaux derivative φ^{′′}(x) in B(x_0, r) and ||φ^{′′}||_r = sup_{x∈B(x0,r)} sup_{ξ∈H, ||ξ||=1} ||φ^{′′}(x)ξ||_{L(H)} < ∞, (φ^{′′}(x) is a bilinear operator from H to itself for fixed x ∈ B(x_0, r), and φ^{′′}(x)ξ is a linear operator from H to itself for any ξ ∈ H);

2) for any x ∈ B(x_0, r) the operator (φ^{′∗}(x)) is invertible and ||φ^{′∗−1}||_r = sup_{x∈B(x0,r)} ||(φ^{′∗}(x))^{−1}|| < ∞; 3) the following inequality holds 0 < max{||Y_0||, ||φ^{′∗−1}||_r} 1 − max{||φ^′(x_0)Y_0 − I||, ϵ} ||φ(x_0)|| < r. (3.3)

Let us denote ||φ||_r = sup_{x∈B(x0,r)} ||φ(x)||,

ρ_0 = max{||Y_0||, ||φ^{′∗−1}||_r} ||φ^{′∗−1}||_r √ ||φ^{′′}||_r||φ||_r 2ϵ . (3.4)

The following theorem establishes the convergence of the method.

Theorem 3.1 If Condition E holds, then for ρ > ρ_0 and for t ∈ [0, +∞) one has:

1) there exists the solution (x(t), Y (t)) of the problem (3.2) and

x(t) ∈ B(x_0, r), (3.5) ||φ^′(x(t))Y (t) − I|| ≤ max{||φ^′(x_0)Y_0 − I||, ϵ}; (3.6) 2) there exists lim t→+∞ x(t) = x ∗, x^∗ is the solution of the problem (1.1) and x(t) converges to x^∗ exponentially.

4 Proofs

4.1 Proof of Theorem 2.2

The main part of the proof is to show that the solution to problem (2.2) exists for all t ∈ [0, ∞) and does not leave the ball B(x_0, r) (Lemma 4.3). In order to prove this statement one has to show that the operator φ^′(x(t)) is invertible for all positive t. By the assumption of Theorem 2.2 the second derivative φ^{′′}(x) exists for all x ∈ B(x_0, r). So if φ^′(x) is boundedly invertible at an arbitrary point x̂ ∈ B(x_0, r), then it is boundedly invertible in some open neighborhood B(x̂, δ) ∩ B(x_0, r). First it is shown that for all x̂ ∈ B(x_0, r) such that x̂ = x(t̂) for some t̂ one can choose δ larger than a fixed positive number. In order to prove this statement the estimate for ||[φ^′(x(t))]^{−1}|| is established in Lemma 4.2. Then it is shown in Lemma 4.3 that φ^′(x(t)) is boundedly invertible as long as x(t) ∈ B(x_0, r) and the proof of Lemma 4.3 is completed by using the second estimate derived in Lemma 4.2.

Thus the proof of the Theorem 2.2 is based on the estimates of Lemma 4.2. The proof of this lemma consists of two steps: the derivation of nonlinear integral inequalities and the solution to these inequalities by means of Lemma 4.1.

For the convenience of the reader we reformulate now in a simplified form a statement from [12] about an integral inequality.

Let Y = (y_1, . . . , y_n), Ỹ = (ỹ_1, . . . , ỹ_n) be two points of the n-dimensional space. Then Y ≤ Ỹ means that y_j ≤ ỹ_j for j = 1, . . . , n. The following lemma is a simple corollary of Theorem 22.1 from [12].

Lemma 4.1 Let σ_j(t, y_1, . . . , y_n) (j = 1, . . . , n) be continuous in the open region (0, T ) × D and satisfies the following condition: for t ∈ (0, T ) and Y, Ỹ ∈ D if Y ≤ Ỹ then σ_j(t, Y ) ≤ σ_j(t, Ỹ ) for j = 1, . . . , n. Let Y_0 =

(y^0_1, . . . , y^0_n) ∈ D. Suppose that F (t) = (f_1(t), . . . , f_n(t)) is continuous and F (t) ∈ D on [0, T ). Suppose also that the Cauchy problem ω̇_j = σ(t, ω_1, . . . , ω_n), ω_j(0) = y^0_j , j = 1, . . . , n has the unique solution Ω(t) = (ω_1(t), . . . , ω_n(t)) on [0, T ).

Under the above assumptions, if

f_j(t) ≤ y^0_j + t∫ 0 σ_j(τ, f_1(τ ), . . . , f_n(τ ))dτ for 0 ≤ t < T and j = 1, . . . , n then F (t) ≤ Ω(t, Y_0) for 0 ≤ t ≤ T.

Denote D(x_0, r) = {x : x ∈ B(x_0, r) and φ^′(x) is boundedly invertible}. (4.1) Lemma 4.2 Let condition A hold. If there exist a positive number T and a function x(t) ∈ C^1[0, T ], such that x : [0, T ] → D(x_0, r) and x(t) is the solution of problem (2.2) on [0, T ], then for t ∈ [0, T ] the following inequalities hold: ||[φ^′(x(t))]^{−1}|| ≤ β_0 √ 1 − 2kα_0β_0(1 − e^{−t})

, (4.2)

||[φ^′(x(t))]^{−1}φ(x(t))|| ≤ α_0e^{−t} √ 1 − 2kα_0β_0(1 − e^{−t})

. (4.3)

Proof. Let us denote A(t) = [φ^′(x(t))]^{−1}, ξ(t) = A(t)φ(x(t)), α(t) = ||e^tξ(t)||, β(t) = ||A(t)||. Thus α(0) = α_0, β(0) = β_0 and φ^′(x(t))ξ(t) = φ(x(t)). (4.4) Differentiating this equality with respect to t one gets φ^′(x(t))(ξ̇(t) + ξ(t)) = φ^{′′}(x(t), ξ(t), ξ(t)) and therefore d dt ( e^tξ(t) ) = e^tA(t)φ^{′′}(x(t), ξ(t), ξ(t)).

Thus the following integral inequality follows from Condition A:

α(t) ≤ α_0 + k t∫ 0 e^{−s}β(s)α^2(s)ds. In order to apply Lemma 4.1 one considers the corresponding Cauchy problem:

ω̇(t) − ke^{−t}β(t)ω^2(t) = 0, ω(0) = α_0. This problem has the unique solution ω(t) = α_0 1 − kα_0 ∫ t 0 e^{−s}β(s)ds on an interval [0, T_1) if kα_0 ∫ T_1 0 e^{−s}β(s)ds < 1. (4.5) Thus from Lemma 4.1 one gets ||ξ(t)|| ≤ α_0e^{−t} 1 − kα_0 ∫ t 0 e^{−s}β(s)ds , 0 ≤ t < T_1. (4.6) Let [0, T_1) be the maximal subinterval of [0, T ] for which (4.5) holds. Let us assume that T_1 < T , then it follows from the continuity of β(t) that kα_0 ∫ T_1 0 e^{−s}β(s)ds = 1. (4.7) From φ^′(x(t))A(t) = I one gets the equation: Ȧ(t)η = A(t)ϕ^{′′}(x(t), ξ(t), A(t)η) for any η ∈ H. (4.8) Therefore A(t)η = A(0)η + t∫ 0 A(s)ϕ^{′′}(x(s), ξ(s), A(s)η)ds (4.9)

and for t ∈ [0, T_1) one has

β(t) ≤ β_0 + kα_0 t∫ 0 β^2(s)e^{−s} 1 − kα_0 ∫ s 0 e^{−τ} β(τ )dτ ds. (4.10)

Let us denote γ(t) = t∫ 0 e^{−s}β(s)ds, (4.11) then γ̇(t) = e^{−t}β(t), β = e^tγ̇, and γ̇(t) ≤ β_0e^{−t} + kα_0e^{−t} t∫ 0 γ̇^2(s)e^s 1 − kα_0γ(s) ds. (4.12)

Let ω(t) be the solution of the following Cauchy problem

ω̇(t) = β_0e^{−t} + kα_0e^{−t} t∫ 0 ω̇^2(s)e^s 1 − kα_0ω(s) ds, ω(0) = 0. (4.13)

Denote u(ω) = ω̇. Since ω̇(0) = β_0 and ω(0) = 0 one gets the following Cauchy problem for u(ω): du dω + 1 = kα_0u(1 − kα_0ω)^{−1}, u(0) = β_0.

This equation has general solution u(ω) = 1 − kα_0ω 2kα_0 + C 1 − kα_0ω . So C = β_0 − 1/(2kα_0), and one gets

ω̇(t) =

(1 − kα_0ω)^2 + 2kα_0β_0 − 1 2kα_0(1 − kα_0ω)

, ω(0) = 0. and ω(t) = (kα_0)^{−1}[1 − √ 1 − 2kα_0β_0(1 − e^{−t})]. (4.14) It follows from (4.12),(4.13) and Lemma 4.1 that γ(t) ≤ ω(t) and γ̇(t) ≤ ω̇(t) for 0 ≤ t < T_1.

Consequently

β(t) = e^tγ̇(t) ≤ e^tω̇(t) = β_0 √ 1 − 2kα_0β_0(1 − e^{−t})

(4.15)

and it follows from inequality (2.1) that kα_0 ∫ T_1 0 e^{−s}β(s)ds ≤ kα_0β_0 ∫ T_1 0 e^{−s}ds √ 1 − 2kα_0β_0(1 − e^{−t}) =

= 1 − √ 1 − 2kα_0β_0(1 − e^{−T1} ) < 1. (4.16) Since this contradicts to (4.7), it is proved that T_1 = T .

In order to complete the proof of Lemma 4.2 one derives inequality (4.3) from (4.16) and (4.6). 2

Lemma 4.3 If Condition A holds, then the solution x(t) to problem (2.2) exists on [0, ∞), φ^′(x(t)) is boundedly invertible for all t ∈ [0, ∞), and x(t) does not leave the ball B(x_0, r) for all t ∈ [0, ∞).

Proof. Let T be an arbitrary positive number. Denote by [0, T_1) the maximal subinterval of [0, T ] such that the solution x(t) to the problem (2.2) exists and x(t) ∈ D(x_0, r), where D(x_0, r) is defined in (4.1).

For t_1 < t_2 < T_1 one has: ||x(t_2) − x(t_1)|| ≤ t2∫ t1 ||ξ(s)||ds ≤ t2∫ t1 α_0e^{−s} √ 1 − 2kα_0β_0(1 − e^{−s}) ds ≤

≤ α_0 t2∫ t1 e^{−s/2}ds < α_0(t_2 − t_1).

Thus for any sequence {t_n} → T_1 − 0, {x(t_n)} is a Cauchy sequence and there exists a finite limit:

x(T_1) := lim_{t→T1−0} x(t).

It follows from the local existence theorem that the solution x(t) to problem (2.2) exists as far as x(t) ∈ D(x_0, r). It means that if T_1 < T , then x(T_1) /∈ D(x_0, r).

Assume that x(T_1) ∈ B(x_0, r). For an arbitrary ϵ > 0 there exists t̂ ∈ [0, T_1) such that x̂ = x(t̂) ∈ D(x_0, r) and ||x̂ − x(T_1)|| < ϵ. It follows from Condition A that for x ∈ B(x_0, r) ||φ^′(x) − φ^′(x̂)|| ≤ k||x − x̂||. One has the following representation for φ^′(x):

φ^′(x) = φ^′(x̂) ( I + [φ^′(x̂)]^{−1}(φ^′(x) − φ^′(x̂)) ) . From (4.2) one gets the following estimates: ||[φ^′(x̂)]^{−1}|| ≤ β_0 √ 1 − 2kα_0β_0(1 − e^{−t̂}) < β_0 √ 1 − 2kα_0β_0 ,

||[φ^′(x̂)]^{−1}(φ^′(x) − φ^′(x̂))|| ≤ kβ_0 √ 1 − 2kα_0β_0 ||x − x̂||. Thus for x ∈ B(x̂, √ 1 − 2kα_0β_0/kβ_0)∩B(x_0, r) the operator φ^′(x) is boundedly invertible. If ϵ < √ 1 − 2kα_0β_0/kβ_0, then x(T_1) ∈ B(x̂, √ 1 − 2kα_0β_0/kβ_0).

Therefore the operator φ^′(x) is boundedly invertible in some neighborhood of x(T_1). This contradicts the assumption that x(T_1) /∈ D(x_0, r). From this contradiction one gets that x(T_1) /∈ B(x_0, r). Thus x(T_1) belongs to the boundary of the ball B(x_0, r), that is ||x(T_1) − x_0|| = r.

However

||x(T_1) − x_0|| ≤ T1∫ 0 ||ξ(s)||ds ≤ T1∫ 0 α_0e^{−s} √ 1 − 2kα_0β_0(1 − e^{−s}) ds ≤

≤ α_0 T1∫ 0 e^{−s/2}ds = 2α_0(1 − e^{−T1/2}) < 2α_0 ≤ r.

This contradiction proves that T_1 = T . Lemma 4.3 is proved. 2 Thus the first statement of the Theorem 2.2 is proved. The existence of the strong limit x^∗ in the second statement of Theorem 2.2 follows from the estimate: ||x(t_2) − x(t_1)|| ≤ t2∫ t1 ||ξ(s)||ds ≤ α_0 t2∫ t1 e^{−s/2}ds =

= 2α_0(e^{−t1/2} − e^{−t2/2}) < 2α_0e^{−t1/2} for any 0 ≤ t_1 < t_2.

After passing to limit for t_2 → ∞ one gets the estimate ||x(t) − x^∗|| ≤ 2α_0e^{−t/2}, which proves the exponential convergence. In order to complete the proof of the theorem one has to prove the uniqueness of the solution of the problem (1.1) in the ball B(x_0, 2α_0). This is proved in [6]. We sketch below this proof for the reader’s convenience.

If there is another solution x^∗_1 of equation (1.1) in B(x_0, 2α_0) then

||x^∗ − x^∗_1|| ≤ ||[φ^′(x_0)]^{−1}|| · ||φ(x^∗) − φ(x^∗_1) − φ^′(x_0)(x^∗ − x^∗_1)|| ≤

≤ β_0||[ 1∫ 0 φ^′(x^∗_1 + t(x^∗ − x^∗_1))dt − φ^′(x_0)](x^∗ − x^∗_1)|| ≤

≤ β_0|| 1∫ 0 dt 1∫ 0 φ^{′′}(x_0 +s(x^∗_1 +t(x^∗−x^∗_1)−x_0), x^∗_1 +t(x^∗ −x^∗_1)−x_0, x^∗ −x^∗_1)||ds ≤

≤ kβ_0||x^∗ − x^∗_1|| 1∫ 0 ||x^∗_1 + t(x^∗ − x^∗_1) − x_0||dt ≤ 2kα_0β_0||x^∗ − x^∗_1|| < ||x^∗ − x^∗_1||. Thus x^∗ = x^∗_1. 2

4.2 Proofs of Theorems 2.4, 2.6, 2.8

Remark 4.4 The proof of the uniqueness of the solution in Theorems 2.4, 2.6, is similar to the proof of the uniqueness in Theorem 2.2, and is left to the reader by this reason.

Proof of Theorem 2.4. Let x(t) be the solution to problem (2.8). Denote λ(t) = φ(x(t)), then λ̇(t) = φ^′(x(t))ẋ(t). As long as x(t) ∈ B(x_0, r) one has the following representation: φ^′(x)[A(f(x))]^{−1} = I − R_1 − R_2, where R_1 = [φ^′(f(x))−φ^′(x)][A(f(x))]^{−1}, R_2 = [A(f(x))−φ^′(f(x))][A(f(x))]^{−1}. Thus from (2.8) one gets λ̇(t) = −λ(t) + (R_1 + R_2)λ(t).

So for ξ(t) = e^tλ(t) one has ξ̇(t) = (R_1 + R_2)ξ(t), ξ(0) = φ(x_0) and ||ξ(t)|| ≤ ||φ(x_0)|| + t∫ 0 ||R_1 + R_2|| · ||ξ(s)||ds. Then the following integral inequality follows from (2.7) and (2.5): ||ξ(t)|| ≤ ||φ(x_0)|| + β(δ + γ) t∫ 0 ||ξ(s)||ds. (4.17) So one gets the estimates: ||ξ(t)|| ≤ ||φ(x_0)||e^{β(δ+γ)t} (4.18) and ||λ(t)|| ≤ ||φ(x_0)||e^{−(1−β(δ+γ))t}. (4.19) For 0 ≤ t_1 ≤ t_2 one has: ||x(t_2) − x(t_1)|| ≤ t2∫ t1 ||[A(f(x(s)))]^{−1}|| · ||λ(s)||ds. Thus it follows from (4.19) that ||x(t_2) − x(t_1)|| ≤ β||φ(x_0)|| 1 − β(γ + δ) ( e^{−(1−β(γ+δ))t1} − e^{−(1−β(γ+δ))t2} ) .

So ||x(t) − x(0)|| ≤ β||φ(x_0)|| 1 − β(γ + δ) ( 1 − e^{−(1−β(γ+δ))t} ) (4.20) and ||x(t_2) − x(t_1)|| ≤ β||φ(x_0)|| 1 − β(γ + δ) e^{−(1−β(γ+δ))t1}. (4.21)

From (4.20) one gets that x(t) does not leave the ball B(x_0, r) and so x(t) exists for all positive t. Then it follows from (4.21) that x(t) has strong limit for t → ∞. Finally one shows exponential convergence using the following estimate: ||x(t) − x^∗|| ≤ β||φ(x_0)|| 1 − β(γ + δ) e^{−(1−β(γ+δ))t}. 2_{Proof of Theorem 2.6. Let us denote λ(t) := φ(x(t)), then from}

equation (2.10) one has λ̇ = −λ + (φ^′(x(t)) − φ^′(x_0))[φ^′(x_0)]^{−1}λ.

So for ξ(t) := e^t[φ^′(x_0)]^{−1}λ one has ξ̇(t) = [φ^′(x_0)]^{−1}(φ^′(x(t)) − φ^′(x_0))ξ(t).

Thus one gets the following integral equation:

ξ(t) = ξ(0) + t∫ 0 [φ^′(x_0)]^{−1}(φ^′(x(s)) − φ^′(x_0))ξ(s)ds.

From condition C and the initial condition ||ξ(0)|| = ||[φ^′(x_0)]^{−1}φ(x_0)|| = α_0 the following integral inequality follows: ||ξ(t)|| ≤ α_0 + kβ_0 t∫ 0 ||x(s) − x(0)|| · ||ξ(s)||ds. (4.22) From equation (2.10) one also has the following integral inequality: ||x(t) − x_0|| ≤ t∫ 0 ||ẋ(s)||ds ≤ t∫ 0 e^{−s}||ξ(s)||ds. (4.23) It follows from Lemma 4.1 that if the functions ||ξ(t)|| and ||x(t) − x_0|| satisfy the (4.22) and (4.23), then they are majorized by the functions u(t) and v(t) respectively, where u(t) and v(t) are the solutions of the following problem: { u̇ = kβ_0uv, u(0) = α_0, v̇ = e^{−t}u, v(0) = 0. (4.24)

Lemma 4.5 If 2kβ_0α_0 < 1, then the solution of the problem (4.24) exists for all positive t and is given by the formulas: u(t) = 4(1 − 2kβ_0α_0) 2kβ_0 μ(t) (1 − μ(t))^2 e^t, v(t) = 1 kβ_0 ( 1 + 1 + μ(t) 1 − μ(t) μ̇ μ ) , (4.25)

where μ(t) = 1 − √ 1 − 2kβ_0α_0 1 + √ 1 − 2kβ_0α_0 e^{−t} √_{1−2kβ0α0} .

Proof. Denote w = e^{−t}u, then d dt ( ẇ w ) = kβ_0w, w(0) = η, ẇ(0) = −α_0.

So one easily gets w(t) = 4(1 − 2kβ_0α_0) 2kβ_0 μ(t) 1 − μ^2(t) . 2_{From this Lemma and Condition C one has the following estimates:} ||x(t) − x_0|| < 2α_0 1 + √ 1 − 2kβ_0α_0

≤ r, (4.26)

||x(t_2) − x(t_1)|| ≤ t2∫ t1 e^{−s}||ξ(s)||ds ≤

β_0 t2∫ t1 4(1 − 2kβ_0α_0) 2kβ_0 μ(s) (1 − μ(s))^2 ≤ 4(1 − 2kβ_0α_0) 2kβ_0 μ(t_1) (1 − μ(t_1))^2 . It follows from the last estimate that x(t) strongly converges and that ||x(t) − x^∗|| < 4(1 − 2kβ_0α_0) 2kβ_0 μ(t) (1 − μ(t))^2 , so x(t) converges exponentially. 2

Proof of Theorem 2.8 (see [7]).

From the Condition D we get the local existence of a solution of the problem (2.14). Then from (2.14)

φ^′(x(t))x^′(t) = −φ^′(x(t))F (x(t))φ(x(t)). (4.27)

So from (2.14) one gets the following equation for λ(t) = φ(x(t)):

λ^′(t) = −φ^′(x(t))F (x(t))λ(t), λ(0) = φ(x_0). (4.28)

Therefore d dt ||λ(t)||^2 = (λ̇(t), λ(t))+(λ(t), λ̇(t)) = −((φ^′F +F^∗φ^{′∗}))λ, λ) ≤ −2c||λ(t)||^2. So the following estimate holds ||λ(t)|| ≤ ||φ(x_0)||e^{−ct}. (4.29) Thus for 0 < t_1 ≤ t_2 ||x(t_2) − x(t_1)|| ≤ || t2∫ t1 ẋ(s)ds|| ≤ t2∫ t1 ||F (x)|| ||λ(s)||ds ≤

≤ ||F || × ||φ(x_0)|| c (e^{−ct1} − e^{−ct2} ) ≤ re^{−ct1} . (4.30) In order to complete the proof one has to repeat the last part of the proof of Theorem 2.2. 2

4.3 Proof of Theorem 3.1

Denote ( λ(t) Λ(t) ) = ( φ(x(t)) φ^′(x(t))Y (t) − I ) , and consider the Cauchy problem { λ̇(t) = −φ′(x(t))Y (t)λ(t), Λ̇(t) = −ρ2(φ′(x(t))(φ′(x(t)))∗Λ(t) + Λ(t)φ′(x(t))(φ′(x(t)))∗)+ +(φ^{′′}(x(t))ẋ(t))Y (t), (4.31)

λ(0) = φ(x_0), Λ(0) = φ^′(x_0)Y_0 − I.

First we prove some lemmas. Let us consider the Cauchy problem Ẏ (t) + A^∗(t)A(t)Y (t) + Y (t)A(t)A^∗(t) − 2ρA^∗(t) = 0, (4.32) Y (0) = Y_0, where A(t) is some given continuous operator-valued function on [0, +∞). This is a linear equation, so there exists the unique solution to the problem on [0, +∞).

Lemma 4.6 Let the operator A^∗(t) be invertible for every t ∈ [0, T ], T ≤ +∞ and the following estimates be valid ||Y_0|| ≤ C_1, and ρ||(A^∗(t))^{−1}|| ≤ C_1, for t ∈ [0, T ]. (4.33) Then ||Y (t)|| ≤ C_1 for t ∈ [0, T ]. (4.34)

Proof. As it is done for Riccati matrix equations in [11] , we consider the auxiliary system { U̇(t) − A(t)A∗(t)U(t) = 0, U(0) = I, V̇ (t) − 2ρA∗(t)U(t) + A∗(t)A(t)V (t) = 0, V (0) = Y_0. (4.35)

U(t) is invertible on [0, T ]. Indeed, one can construct U^{−1}(t) as the solution of the following Cauchy problem: d dt (U^{−1}(t)) + U^{−1}(t)A(t)A^∗(t) = 0, U^{−1}(0) = I.

Thus if one defines Y (t) = V (t)U^{−1}(t). (4.36) then Y solves (4.32), as one can check using (4.35). Now we introduce the operator-valued function

Ψ(t) = V^∗(t)V (t) − C^2_1 U^∗(t)U(t) = U^∗(t)(Y^∗(t)Y (t) − C^2_1 E)U(t). (4.37) Denote by (, ) the scalar product in H, then, for any ξ ∈ H, one gets: d dt ( ξ, Ψ(t)ξ ) = ( ξ, [2ρU^∗(t)A(t)V (t) − V^∗(t)A^∗(t)A(t)V (t)+

+2ρV^∗(t)A^∗(t)U(t) − V^∗(t)A^∗(t)A(t)V (t) − 2C^2_1 U^∗(t)A(t)A^∗(t)U(t)]ξ ) = = 4ρRe ( U(t)ξ, A(t)V (t)ξ ) − 2||A(t)V (t)ξ||^2 − 2C^2_1 ||A^∗(t)U(t)ξ||^2. From the inequality 2ρ ( U(t)ξ, A(t)V (t)ξ ) ≤ ρ^2||U(t)ξ||^2 + ||A(t)V (t)ξ||^2, ||U(t)ξ|| = ||(A^∗(t))^{−1}A^∗(t)U(t)ξ|| ≤ ||(A^∗(t))^{−1}|| · ||A^∗(t)U(t)ξ|| and from (4.33) we get d dt ( ξ, Ψ(t)ξ ) ≤ 0. So ( ξ, Ψ(t)ξ ) ≤ ( ξ, Ψ(0)ξ )

and ( ξ, U^∗(t)(Y^∗(t)Y (t) − C^2_1 E)U(t)ξ ) ≤ ( ξ, U^∗(0)(Y^∗_0 Y_0 − C^2_1 E)U(0)ξ ) ≤ 0.

Therefore ||Y (t)U(t)ξ||^2 − C^2_1 ||Y_0||^2||U(t)ξ||^2 ≤ ||Y_0ξ||^2 − C^2_1 ||ξ||^2 ≤ 0. Estimate (4.34) follows from the last inequality and from the invertibility of U(t). 2

Now we consider the Cauchy problem Λ^′(t) + A(t)A^∗(t)Λ(t) + Λ(t)A(t)A^∗(t) − D(t) = 0, Λ(0) = Λ_0, (4.38) where Λ(t), A(t), D(t) are the given continuous operator-valued functions on [0, +∞].

Lemma 4.7 Let an operator A^∗(t) be invertible for every t ∈ [0, T ], T ≤ +∞ and the following estimates be valid ||Λ_0|| ≤ C_2, ||D(t)|| ||(A^∗(t))^{−1}||^2 ≤ 2C_2, for t ∈ [0, T ]. (4.39) Then ||Λ(t)|| ≤ C_2 for t ∈ [0, T ]. (4.40)

Proof. The proof is very similar to the previous one. We consider { U^′(t) − A(t)A^∗(t)U(t) = 0, U(0) = I, V^′(t) − D(t)U(t) + A(t)A^∗(t)V (t) = 0, V (0) = Λ_0.

(4.41)

Then Λ(t) = V (t)U^{−1}(t). (4.42) and Ψ(t) = V^∗(t)V (t) − C^2_2 U^∗(t)U(t) = = U^∗(t)(Λ^∗(t)Λ(t) − C^2_2 E)U(t). (4.43) For any ξ ∈ H d dt ( ξ, Ψ(t)ξ ) = ( ξ, [U^∗(t)D^∗(t)V (t) − 2V^∗(t)A(t)A^∗(t)V (t)+

+V^∗(t)D(t)U(t) − 2C^2_2 U^∗(t)A(t)A^∗(t)U(t)]ξ ) =

= 2Re ( D(t)U(t)ξ, V (t)ξ ) − 2||A^∗(t)V (t)ξ||^2 − 2C^2_2 ||A^∗(t)U(t)ξ||^2.

A^∗(t) is invertible so one has 2 ( D(t)U(t)ξ, V (t)ξ ) ≤ ≤ 0.5||(A^∗(t))^{−1}||^2||D(t)||^2||U(t)ξ||^2 + 2||(A^∗(t))^{−1}||^{−2}||V (t)ξ||^2 ≤ ≤ 0.5||(A^∗(t))^{−1}||^4||D(t)||^2||A^∗(t)U(t)ξ||^2 + 2||A^∗(t)V (t)ξ||^2 ≤ ≤ 2||A^∗(t)V (t)ξ||^2 + 2C^2_2 ||Λ_0||^2||A^∗(t)U(t)ξ||^2 Thus the inequality (4.40) is proved. 2

Then we consider the problem λ^′(t) + λ(t) + Λ(t)λ(t) = 0, λ(0) = λ_0, (4.44) where λ(t) is H-valued function on [0, +∞), and Λ(t) is a given continuous operator-valued function on [0, +∞). Lemma 4.8 Let ||Λ(t)|| ≤ ϵ_1, for t ∈ [0, T ], ϵ_1 ∈ (0, 1). (4.45) Then ||λ(t)|| ≤ λ_0e^{−(1−ϵ1)t} for t ∈ [0, T ]. (4.46)

Proof. (4.46) immediately follows from (4.44) and from the following inequalities d dt ( λ(t), λ(t) ) = −2 ( λ(t), λ(t) ) − 2Re ( Λ(t)λ(t), λ(t) )

≤ −2(1 − ϵ_1) ( λ(t), λ(t) ) . 2_{Now we can prove Theorem 3.1. From Condition E we get the existence}

of a local continuous solution of (3.2) near every t if x(t) ∈ B(x_0, r). Let us show that x(t) ∈ B(x_0, r) for all [0, +∞). In fact let x(t_1) be the first intersection point with the boundary of the ball B(x_0, r) for the curve x(t). So ||x(t) − x_0|| < r, for t ∈ [0, t_1), and ||x(t_1) − x_0|| = r. Denote A(t) = ρφ^′(x(t)), C_1 = max{||Y_0||, ||φ^{′∗−1}||_r}. From Lemma 4.6 we get the estimate ||Y (t)|| ≤ C_1 for t ∈ [0, t_1], for the solution of the problem (3.2), where C_1 = max{||Y_0||, ||φ^{′∗−1}||_r}. The last term in (4.31) satisfies the estimate ||(φ^{′′}(x(t))x^′(t))Y (t)|| ≤ ||φ^{′′}(x(t))x^′(t)|| ||Y (t)|| ≤ ≤ ||φ^{′′}||_r||x^′(t)|| ||Y (t)|| ≤ C^2_1 ||φ^{′′}||_r||φ||_r. It follows from (3.4) that if ρ > ρ_0, then the conditions of Lemma 4.7 are valid for C_2 = max{||φ^′(x_0)Y_0 − I||, ϵ}. At the same time, from (3.3) we obtain C_2 < 1. Further from Lemmas 4.7,4.8 and from (3.3) we get that for ρ > ρ_0 the solution of the problem (4.31) satisfies the inequalities ||Λ(t)|| ≤ C_2, ||λ(t)|| ≤ λ_0e^{−(1−C2)t} for t ∈ [0, t_1]. So we have the estimate for the solution of the problem (3.2) ||x(t_1) − x_0|| ≤ || t1∫ 0 x^′(s)ds|| ≤

≤ C_1 ||φ(x_0)|| t1∫ 0 e^{−(1−C2)s}ds = C_1 (1 − C_2) ||φ(x_0)||(1 − e^{−(1−C2)t1} ) < r. The last one is in contradiction with the assumption that x(t_1) belongs to the boundary of B(x_0, r). Thus x(t) ∈ B(x_0, r) for all t ∈ [0, +∞).

Consequently, lim_{t→∞} φ(x(t)) = lim_{t→∞} λ(t) = 0 and lim_{t→∞} x(t) is the solution of the problem (1.1). 2

Acknowledgments

The author thanks Professor A.G. Ramm for useful suggestions and for continual attention during the process of preparation of this paper, Professor H. Yang for useful remarks and Professor I.V. Puzynin for useful dicussions.

References

[1] R.G. Airapetyan, On new statement of inverse problem of Quantum Scattering Theory, (to appear).

[2] R.G. Airapetyan, I.V. Puzynin, Newtonian iterative scheme with simultaneous iterations of inverse derivative, Comp. Phys. Comm., 102 (1997), pp. 97–108.

[3] R.G. Airapetyan, I.V. Puzynin, E.P. Zhidkov, Numerical method for solving the inverse problem of quantum scattering theory, in Proceedings of the Conference ”Inverse and Algebraic Quantum Scattering Theory”, Hungary, 1996, B. Apagyi, G. Endrédi, P. Lévay eds., Lect. Notes Phys., 488 (1997), pp. 88–97.

[4] R.G. Airapetyan, A.G. Ramm, A.B. Smirnova, Continuous analog of the Gauss-Newton method, Mathematical Models and Methods in Applied Sciences, 9 (1999), N 3.

[5] D.F. Davidenko, On application of the parameter variation method to the inversion of the matrices, DAN SSSR, 131 (1960), pp. 500–502.

[6] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, 1985.

[7] M.K. Gavurin, Nonlinear functional equations and continuous analogies of iterative methods, Izv. Vuzov. Ser. Matematika. 5 (1958), pp. 18–31.

[8] L.V. Kantorovich, G.P. Akilov, Functional Analysis, Pergamon Press, 1982.

[9] J.M. Ortega, W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, 1970.

[10] I.V. Puzynin, I.V. Amirkhanov, T.P. Puzynina, E.V. Zemlyanaya, The Newtonian iterative scheme with simultaneous calculating the inverse operator for the derivative of nonlinear function, JINR Rapid Comms. 62 (1993), pp. 63–73.

[11] W.T. Reid, Riccati differential equations, Academic Press, 1972.

[12] J. Szarski, Differential inequalities, PWN, Warszawa, 1967.

[13] S. Ulm, On iterative methods with the successive approximation of the inverse operator, Izv.AN Est.SSR. Ser.Fizika, Matematika. 16 (1967), pp. 403-411.

[14] E.P. Zhidkov, I.V. Puzynin, Solving of the boundary problems for second order nonlinear differential equations by means of the stabilization method, Soviet Math. Dokl. 8 (1967), pp. 614-616.